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ANALYTIC NON LINEARITIES 
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Abstract. We discuss a class of normal forms of the completely resonant non-linear 
Schrodinger equation on a torus. We stress the geometric and combinatorial construc- 
tions arising from this study. 
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1. Introduction 

In this paper we exhibit a normal form, with remarkable integrability properties, for 
the completely resonant non-linear Schrodinger equation on the torus T", n E N (NLS 
for brevity): 

(1) -iut + Au = K\u\'^'^u + duG{\u\^), q>leN. 

Where u := u{t, ip), ip £ T" and G{a) is a real analytic function whose Taylor series starts 
from degree q + 2. The case (7 = 1 is of particular interest and is usually referred to as the 
cubic NLS. 

It is well known that equation [U the NLS, can be written as an infinite dimensional 
Hamiltonian dynamical system. 

It has the energy H ^ /j,„(|V(w)p + K(q + l)-i|u|2(9+i) +G(|u|2))_^^ the momentum 

M = Jj.„ u{ip)'S/u{ip)j^^ and the the mass L — J!j,„ \u{(p)\'^ , as integrals of motion. 
Passing to the Fourier representation 

(2) ^ u,(t)e'(^-''^) 

feez" 

we have, up to a rescaling of u and of time, in coordinates: 

(3) H := \k\^UkUk± Uk,Uk2Uk:iUk, . . .Uk^^^,Uk^^^^ + ( '^(I^Ht^^' 
We fix the sign to be + since in our treatment it does not play any particular role. 



1.1. Preliminaries. By Formula ([3]), we can write equation ^ as an infinite dimensional 
Hamiltonian dynamical system, where the quadratic term consists of infinitely many in- 
dependent oscillators with rational frequencies and hence completely resonant (all the 
bounded solutions are periodic). In order to study resonant systems a standard instrument 
is the "Resonant Birkhoff normal form". In Formula ^ denote by K :— X^feez" I^P^^fcUfc- 
The first step of "resonant Birkhoff normal form" is the sympletic change of variables 
which reduces the Hamiltonian H to 

H - ijRes + ; i?Rcs =K + Hlll+^^ (U, U) 

where i/(2g+4) jg analytic function of degree at least 2q + 4 while Hres^^"^ is of degree 
2q + 2 and consists exactly of the degree 2q + 2 terms of Q which Poisson commute with 
K. Then one wishes to treat the truncated system H^cs = K + Hr'it'^'^\u, u), as the new 
unperturbed Hamiltonian and iy(2'J+'*) as a small perturbation. An ideal situation is when 
the truncated system is integrable, this is the case for the cubic NLS in dimension 1, as 
shown by Kuksin and Poschel in [14] . However the special degenerations of the truncated 
system used by these authors are not valid in the case of the non-cubic NLS, already in 
dimension one, nor for the cubic case in dimension higher than one. 
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Although the truncated system appears to be very comphcated (see formula ([8])) we 
show that it admits infinitely many invariant subspaces (cf. §2.1.ip . defined by requiring 
Uk = for all fc ^ S* where 5* = {vi, . . . , tangential sites, is some (arbitrarily large) 
subset of Z" satisfying the completeness condition (see Proposition [1]). 

The dynamics on these subspaces depends in a subtle way on the geometric properties 
of S, we show - in Proposition[l]Mj- that for generic choices of S the behavior is integrable 
and that all the \uy. \ are constants of motion. Suitable non-generic choices of S lead also 
to interesting non-integrable behavior as for instance in the paper [7]. 

By momentum conservation, it is easily seen that for any set S C Z", the subspace 
Uk = for all k ^ Span(5) is invariant. We restrict to this subspaccQ and denote by 
5^ :— Span(>5') \ S the normal sites. We collect in Hres the terms by the degree (which 
we denote by #5*^) in the variables Uk, Uk, k € S*"^ we have 

by definition the completeness is equivalent to the fact that the term of degree one is zero, 
i.e. H#s-==i = 0. 

We show that the term H^s^>2 is negligible and we give an explicit formula for H^S'==2 
described by an infinite dimensional matrix (cf. Formula (j30[) ) with coefficients depending 
on the "tangential angles". This is done explicitly by 1) putting the tangential variables 
in action-angle coordinates and then 2) introducing parameters for the actions and finally 
3) isolating the terms of the Hamiltonian Hrcs of degree < 2. The resulting Hamiltonian 
is what we call the normal form, it is quadratic and explicitly described by a matrix which 
depends on the "tangential angles" . Hence the dynamics of this quadratic Hamiltonian 
is apparently non-integrable and given by an infinite set of coupled linear equations with 
non-constant coefficients. 

It is natural at this point to try to reduce the normal form to constant coefficients, 
exploiting the fact that Hres^'^^ is smaller than K . However the quadratic term K is very 
degenerate and does not satisfy the second Melnikov condition, hence the perturbative 
methods, see for instance 9 , fail. In finite dimensional systems one can still approximately 
reduce (to constant coefficients) matrices whose diagonal part does not satisfy the second 
Melnikov condition, see [6j. This is done via a change of variables which is not close- 
to-identity and hence must be constructed explicitly. In our infinite dimensional setting 
however this kind of results are not applicable, since in general the change of variables 
suggested by the finite dimensional analog is not analytic. 

1.2. The object of this paper. The main contribution of this paper is to construct, for 
generic S, an explicit analytic symplectic change of variables which removes the depen- 
dence form the tangential angles so that the Normal form is block-diagonal (with blocks 
of dimension < 2n) and integrable, see Theorem [1] for a precise statement. Notice that 
this symplectic transformation is not close-to-identity. It is given by explicit algebraic 
formulas (Formula (|70|)) and not constructed through a recursive algorithm. This is due 
to the fact that we can achieve a complete control on the diagonal blocks of the normal 
form. In turn this is done by codifying the corresponding matrix in terms of graphs, see 
Definition |9l and describing the possible blocks which may appear in the normal form, de- 
pending on the choice of the tangential sites, combinatorially using finitely many graphs. 



notice that this subspace is invariant not only for Hji^.^ but also for the full Hamiltonian H 
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Then we find optimal constraints on the tangential sites, given by a finite list of poly- 
nomial inequalities on the coordinates of S. If S satisfies these inequalities we say that it 
is generic and then, these constraints make the normal form as simple as possible. 

We organize our constraints in 6 different requirements, summarized in Definition 
1221 Under these constraints the normal form is block-diagonal with blocks of dimen- 
sion bounded by n -f 1, except finitely many exceptional blocks of size bounded by 2n. 
The diagonal blocks are explicitly described as functions of the average tangential actions 
^ and angles x. 

Then, for these infinitely many choices of the tangential sites S, we exhibi10 a symplec- 
tic change of variables (cf. Formula ([70]) ) which makes the normal form with constant 
coefficients and still block-diagonal. 

Finally we show that, in dimension one and two, the normal form has both stable and 
unstable regions, namely there are open sets for the parameters ^ where the normal form 
is completely elliptic-hence its Hamiltonian flow is stable. For all the remaining values of 
the parameters ^ there are a finite number of unstable directions. In the stable region one 
may perform a further analytic change of variables which reduces the normal form to the 
standard elliptic one (w(^), y) -I- J2k ^fekfeP (cf- Corollary [T]). 

1.3. Some related literature. The idea of choosing an appropriate set of tangential 
sites S was first used by Bourgain in ;4 in a slightly different context. He studied the 
cubic NLS in dimension two and proved the existence of quasi-periodic solutions with 
two frequencies by using a combination of Lyapunov-Schmidt reduction tecniques and a 
Nash-Moser algorithm to solve the small divisor problem (the so-called Craig-Wayne- 
Bourgain approach, see [8] ,[4] and for a recent generalization also ^). In [T it is shown 
that, for appropriate choices of the tangential sites, one may find simple solutions for the 
bifurcation equation where only the Fourier indexes of the tangential sites are excited. 
This strategy was generalized by Wang in [TTI to study the NLS on a torus T" and prove 
existence of quasi periodic solutions with n frequencies. A similar idea was exploited in 
[l2] and [13] to look for "wave packet" periodic solutions (i.e. periodic solutions which at 
leading order excite an arbitrarily large number of "tangential sites" ) of the cubic NLS in 
any dimension both in the case of periodic and Dirichlet boundary conditions. 

In the context of KAM theory and normal form, this idea was used by Ceng in [10 for 
the NLS in dimension one with the nonlinearity 

A similar strategy is used by Ceng- You and Xu in [11], to study the cubic NLS in 
dimension two. In that paper the authors show that one may give constraints on the 
tangential sites so that the normal form is non-integrable (i.e. it depends explicitly on 
the angle variables) but block diagonal with blocks of dimension 2. They apply this result 
to perform a KAM algorithm and prove existence (but not stability) of quasi-periodic 
solutions. We also mention the paper [16 , which studies the non-local NLS and the 
beam equation both for periodic and Dirichlet boundary conditions. The main result of 
that paper is that, by only requiring very simple constraints on the tangential sites, the 
leading order of the normal form Hamiltonian is quadratic and block diagonal, with blocks 
of uniformly bounded dimension. 

Finally we mention the preprints by Wang [18 and |19j . which use the Craig-Wayne- 
Bourgain approach to study quasi-periodic solutions for the NLS ([T]) in any dimension. 



In general, in order to construct a change of variables one solves a Hamilton-Jacobi equation, finding 
a generating function for the change of variables. In our case however we do not use this procedure, indeed 
the change of variables was guessed directly. 
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1.4. Description of the paper: In Section[2]we introduce some necessary Hamiltonian 
formalism, we perform tire Birkhoff change of variables and study the truncated system 
Hiies ■ In Particular we study invariant subspaces and in Propositions [T] and [5] we give 
conditions for their completeness and integrability. Finally we pass to the elliptic-action 
angle variables and define the functional domains in which we work. All the results and 
techniques of this section are pretty standard so we try to review them concisely. 

Having introduced the relevant notations, in Section |3] we give the notion of generic 
tangential set S and state our main results Theorem [1] and Corollary [T] 

In Section d] we impose Constraint [1] on the tangential sites S, this enables us to define 
our normal form N - see Proposition |4]-and prove that N satisfies non-degeneracy in the 
action variables- see Proposition [5l Finally we discuss the perturbation P and estimate 
its size- see Proposition [6l 

In Section [5] we define two spaces and on which we study the linear operator 
ad{N) :— {N, ■}. This gives two matrix descriptions of N. 

In Section[6]we describe the two matrices in terms of two graphs Ts and As with vertices 
respectively the basis elements of V''^'^ and F"'^ and edges connecting those couples of 
elements which have a non-zero matrix coefficient. This is a standard way to display 
infinite matrices, in particular one easily sees that the connected components of the graph 
correspond to block-diagonal terms in the matrix. 

From these graphs we deduce a more abstract geometric graph Ts which still contains 
all the information necessary to compute the matrix entries of ad{N). 

In 16.11 we define a graph r|'^° with vertices on M" which contains Ts but is easier to 
study. With this notations we prove- Proposition [71- a first rough bound on the dimension 
of the block-diagonal blocks in ad{N). 

Finally in 16.21 - Theorems [2] and [3]- we state our main results on the connected compo- 
nents of r|f° and Ts, this is the core of the paper. It is interesting to notice that these 
results hold independently of the number of tangential sites and hence remain true also if 
one excites infinitely many tangential sites. 

It is possible that our constraints may be improved (the best possible result is that the 
geometric constraints are sufficient to bound the dimension of all the blocks by n -I- 1). 
This is actually true in low dimensions n = 1, 2 for all q. For q — 1 we believe it to be 
true in any dimension, this will be discussed in a separate paper. 

In Section [7] we formalize our graphs as subgraphs of a Cayley graph (we group the 
relevant definitions and properties in the Appendix). This is the content of Proposition [9] 
and enables us to endow our graphs with a group action that simplifies the combinatorial 
analysis. 

In Section |8] we impose Constraints [2] and [3l This enables us to identify the connected 
components of A5 with those of Fg- see PropositionlTUland Corollary|31 The isomorphism 
between the connected components of the two graphs is the key point which allows us to 
construct the change of variables which sends N to constant coefficients, as can be seen 
in Example UM 

In section[9]we define a finite set of connected graphs, the possible combinatorial graphs. 
To a graph A of this set, with k vertices, we associate a list of /c — 1 linear and quadratic 
equations in n variables, given by Formula ()61|) . Then in Proposition II II we show that A 
is isomorphic to a connected subgraph of Fs if and only if its equations have solutions in 
5^ (the solutions are identified with a special vertex in F5, called the root). This enables 
us to describe the infinite connected components of F5 via a finite set of graphs. 
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To a possible combinatorial graph A we associate its equations (|6ip. which have as 
coefficients linear and quadratic functions of the tangential sites. If these equations do 
not have real solutions for generic choices of S then A cannot be isomorphic to a connected 
subgraph of Ts for generic S. This is a geometric condition from which one expects to be 
able to rule out the connected components of Ts as soon as/c— 1>?T.+ Iby imposing 
that those overdetermined system of equations be generically incompatible. However this 
simple idea does not cover various pathological cases. We try to give an idea of the main 
problems. 

Given a graph A with k vertices its equations (j6ip may not be of maximal rank for 
particular choices of C Z'^~^, this can be avoided by introducing appropriate generiticity 
constraints, as Constraint [5l Unfortunately it may well be, see Example |9l that equations 
(|6ip are linearly dependent for all choices of S, independently of the dimension n such 
that S € 1/^ . In this case one is faced with a compatibility problem, namely one can try 
to exclude this graphs by requiring that the equations are incompatible for generic choices 
of S, see Example |9] and Constraint |4l 

This does not conclude the analysis since it is possible that the equations be always 
compatible, see Remark [22l So it is possible that one has a graph with k > n + 1 vertices 
but still with rank < n, this is the reason of our bound k < 2n. To simplify the problem 
we introduce the notion of colored rank, see Definition 1201 we have Theorem 21 

In section I10[ using Theorem 21 we discuss possible combinatorial graphs A with rank 
r = n + 1 , when 5 C Z" . 

We prove that if their equations are always compatible then their (unique) solution 
must be a point in 5*. This means that A cannot be isomorphic to a connected subgraph 
of Ts (which has vertices in S"^). 

This enables us to prove Theorems [H and [21 

In Section [TT] we prove Theorem [1] by exhibiting in Formula |70l the change of variables 
which reduces the normal form N to constant coefficients. We also give explicit formulae 
which allow to compute N in this new set of variables, via the combinatorial graphs. 

In section [121 we prove Proposition |3l and Corollary [l] The most relevant notion is that 
of arithmetic constraint. Roughly speaking we want to ensure that if a combinatorial 
graph A is such that its equations have a unique solution in R^, then this solution is not 
integer valued. 

This result enables us to prove the existence of stable regions for the parameters ^, 
where N is purely elliptic. Corollary HI follows from the theory of Quadratic hamiltonians 
and from Proposition |31 

Acknowledgments: We wish to thank Nguyen Bich Van for correcting some formulas, 
Dorian Goldfeld and Jonathan Pila for introducing us to the paper [3] and finally Luca 
Biasco and Massimiliano Berti for several useful suggestions and discussions. 

2. Hamiltonian formalism 
We work on the scale of complex Hilbert spaces 
(4) e^"'"^ ■■= {u = I \uo\' + J2 := < oo}, 

a > 0, p > n/2 , 

equipped with the symplectic structure iX^fceZ" ^"^k A duk- 

These choices are rather standard in the literature and consist in requiring that the 
functions u{(p) extend to analytic functions in the complex domain \Im{(p)\ < a, with 
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Sobolev regularity on the boundary, the condition p > n/2 ensures that our function 
spaces are Hilbert algebras. 

Remark 1. It is not necessary to assume that the torus T" = R"/^"- The theory works 
and in fact we shall apply it, also if T" = R"/A where A is a lattice generated by a not 
necessarily orthonormal basis. 



We may write, for any d 

|c| = |/J|=d 

where a : i— )■ a/c € N and u" = Ofc^fc'"' same for /3. It is easily seen that for any d 
the function [u]'^'^ is an analytic function of u, u. Moreover [uY'^ is regular, namely its 
Hamiltonian vector field is an analytic function from Z^'^'P) x to itself. 

In formula ([3]) we may expand G in Taylor series obtaining a totally convergent sum 
of terms [u]^'', this shows that our Hamiltonian is analytic and regular. 

The torus T" acts on itself by translations leaving invariant the symplectic form, in 
fact it gives rise in this way to a moment map in the sense of symplectic Geometry or 
a momentum vector in the language of Mechanics. The Hamiltonian is invariant under 
translation so by Noether's Theorem it Poisson commutes with momentum. 

We thus will systematically apply the fact that our Hamiltonian H (see Formula ([3|)) 
has n + 1 conserved quantities: the n-vector momentum M = ^/cjufcp and the scalar 
mass L ~ J2k I'^fePi with 

(6) {M,Uh} ^ ihuh, {M,Uh} ^ -ihuh, {L,Uh} ^ iuh, {L,Uh} = -iuh- 

The terms in equation ([5]) commute with L. The conservation of momentum selects the 

terms with X]fe('^fe~/^fe)^ = 0. A first useful consequence of the conservation of momentum 
is that given any set S" C Z", setting 

4"'^^ := {u e : Mfc = 0, Vfc ^ Span(S')}, 

4"'*''' X 4" '''' is an invariant subspacc for the dynamics. 

Remark 2. This has the following geometric interpretation, the lattice A := Span(S') C Z" 
is of some rank k and it is the character group of a torus T = R*''/A with a natural map 
TT : T — 7^ T. Under this map a simple variant of the space i^°--P^ for the torus T is identified 

to4"'''^- 



2.1. One step of Birkhoff normal form. A monomial is an eigenvector of 



ad{K) {K, — } of eigenvalue J^ki'^k. — f3k)\k\'^ where K is the quadratic part 



(7) K := |fcpUfeUfe quadratic energy. 

We apply a step of Birkhoff normal form (cf. [5] , [1] , [T] ) , by which we cancel all the 
terms of degree 2{q + 1) which do not Poisson commute with K. This is done by applying 
a well known analytic change of variables, with generating function 

^q+l\ fq+l\ u^u^ 



c,;3e(Z")N:|Q| = i^i|=<j+i 
Efe(-fc-/3fc)fe=o, Efc(<»fe-^fc)|fclVo 



a J\ P J Ekio^k - (3k)\K' 
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We denote the change of variables by 'i'^^^ := e"''^"^^ and notice that it is well defined and 
analytic: B^g x B^^ — )■ i?2£o x B2eo, with eo = (2ca,p)~^ (here B^ denotes the open ball of 
radius r and Ca,p is the algebra constant of the spac^l £^°-'P'>) . 

By construction ^'^^^ brings (jS]) to the form H = Hrcs + P^('?+^) where: 

(8) iJRes J2 l^l^^fc^fc + J2 

fceZ" Q,3e(Z")N:|c| = |3| = ,+l 

Efc( = fc-(3fc)'= = 0, Efc(ofc-/3fc)|fc|2=0 

p2(g+2)^y-j j^g^g (jggj-ge a,t least 2{q + 2) in m, it is is analytic and regular and satisfies the 
bound: 

sup ||-'fp2(5+2) lla^p < coste^''+^ , Ve < eo 

where cost denotes a universal constant (depending only on q, Ca^p and the function G). 

Remark 3. The three constraints in the second summand of formula ([8]) express the 
conservation of L, M and the quadratic energy K. 



Definition 1. We say that a list fci , . . . , of vectors in Z" is resonant if, up to reordering, 
we have 



ki + ks \'k2d-i = k2-\ h fc2d , |fci| 



|fc2d-lP= |fc2| 



\k2d\^. 



We say that the list is integrable if furthermore, up to reordering, we have fc2i-i — ^217 i = 

The resonant lists with d = q + 1 describe the resonant monomials, that is those 
monomials which Poisson commute with K, which appear in Hs.es- The integrable lists 
describe the monomials in luhP. 



ki\^ + \k3\^ = \k2\' + \h\^ 



Example 1. [9 = 1] 

ki + k^ ^ k2 + kj^, 
is equivalent to 

(9) /ci + /ca = fc2 + fc4, (fci - fc2, fca - fe) = 




Figure 1. A resonant quadruple fci, fc2, fca, k^ 

Notice that a quadruple fci,fc2,fc3,fc4 is resonant if these points are the vertices of a 
rectangle, it is integrable if and only if the corresponding rectangle is degenerate. 

2.1.1. Invariant suhspaces. In view of Remark [2] we wish to study the Hamiltonian iJRes 
on the invariant subspaces for suitable choices of S. We want to characterize those 
subsets S* C Z", such that the Hamiltonian vector field ^Hros is tangent to the subspace 
of equation 

Wfc = = Mfc , Vfc e 5^ := Span(S') \ S*, 



Notice that the unperturbed Hamiltonian K is completely resonant so A does not have small divisors. 
Since is a Hilbert algebra, this implies that the change of variables does not loose regularity. 
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this of course implies that this subspace is stable under the dynamics, a set S with this 
property is called complete. Wc denote by Hs the Hamiltonian Hjies restricted to such a 
subspace, naturally Hg depends only on Uk , Uk with k £ S. 
The next statement follows immediately from the definitions: 

Proposition 1. i) S is complete if and only if, for any choice of 2q + 1 vectors 

Vi G S the following holds: 

If there exists a further vector w G such that the list vi,. . . , V2q+i,w is resonant 
then w G S. 

ii) If all the lists in S of2q + 2 elements which are resonant are also integrable, then 
Hs depends only on the elements with h G S. 

Remark 4. A sufficient condition for S to be integrable is the following: set S = {vi, . . . , Vm}, 
introduce variables Ci with i = 1, . . . , m. For any choice oi2q + 2 elements e^j^ , . . . ej^^+a if 
the expression 

Cil + ■ ■ ■ + ^ig+l ~ + ■ ■ ■ + ^129+2) 

is not zero then 

V^,+■■■+ i - + • • • + V^.,^+2) 7^ 0- 

We have thus shown that completeness and integrability are genericity condition on S, 
the first of many which we will impose. 

Example 2. g = 1, n = 2, m = 4 Four vectors Vi,V2,V3,V4 in the plane are not 
complete if they form a picture of type 



0V2 0V3 

that is we have a right triangle which is not completed to a rectangle. 
The Ust 



OV2 OVs 

is complete but not integrable, and finally 



0V2 0V3 

is complete and integrable. 
When we partition 

Span{S) = SuS^, S := {vi, . . . ,Vm), 

where S is complete, wc call the elements of S tangential sites and of S"^ the normal sites. 
Of course the word tangential is justified by the fact that the Hamiltonian vector field is 
tangent to the subspace parametrized by the coordinates in S. 
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We introduce 

(10) E L % Xe^''- 

Proposition 2. // S is complete and integrable the restricted Hamiltonian is 

m 
i=l 



Ei«^i^KP+ E ) n 

^=l E.fe.=9+1 ^ " 



Proof. This follows immediately from Formula ([5]) and the definitions. □ 
2.2. Tangential sites in action angle coordinates. We set 



(11) Uk Zk for fc e ^^ u„. VCTT^e'"' = v^(l + ^ + -- .)e'"' for ^ = 1, . . . m, 

considering the > as parameters < while y,x,w :— {z,z) are dynamical 
variables. 

Definition 2. We denote by ^('^'P) the subspace of J ("^'P) x Z('^'P) generated by the indices 
in 5^ with coordinates w — (z, z). 

For all £ > and for all 

(12) ^ e A,. {e : < < , 

("2") 

Formula pT|) is a well known analytic and symplectic change of variables Mn the 

domain 

(13) 

Da^p{s,r)=Dis,r):={x,y,w : x € , \y\ < < r} C T," x x ^('^'P). 

Here £ > 0, s > and < r < e/2 are auxiliary parameters. T™ denotes the open subset 
of the complex torus T™ := C™/27rZ™ where x € C™, |Im(a;)| < s. Moreover if 

(14) %/2^(max(|w,|)fe("+'""^''(l''-l»£ < eo , 

the change of variables sends D{r, s) — > Be,, so we can apply it to our Hamiltonian. 
We thus assume that the parameters e, r, s satisfy ([H]). 

Formula (fTTj) puts in action angle variables (y; x) = (j/i, . . . , ym] xi, . . . , Xm) the tan- 
gential sites, close to the action ^ = ^i, ■ ■ ■ , ^m, which are parameters for the system. The 
symplectic form is now dy A dx + ij^kes" '^'^^ ^ 

Following [15] we study regular functions F : Ag2 x Da^p{s,r) — > C, that is whose 
Hamiltonian vector field Xp is analytic from D{s,r) — ^ C™ x C™ x £a,p- In the variables 
^ we require Lipschitz regularity. We use the weighted norm: 

(15) \\X,\\l= sup \\X,\Ur + X sup \Wri)-Xf)\Ur ^ 
where X = and 

WXpWs^r := + s-^\dyF\ + r-^\\d^F\\a,p. 

The different weights ensure that if < ^ then F generates a close-to-identity 

symplectic change of variables from D{r/2, s/2) D{r, s). 
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2.2.1. Quadratic Hamiltonians. Wc have the rules of Poisson bracket 



standard skew symmetric matrix J := 



we have the Poisson brackeio {w*, w} — iJ. 



(16) {yt,yj} = {xt,Xj} ^0, {yi.xjj^S^^, {zh, Zk} = {zh, Zk} ^ 0, {zh,Zk}^i6k 

If we define w as the infinite row vector w with coordinates Zh and then Zh and J the 

-1 

1 

Thus a quadratic Hamihonian Q{w) in the elements of w represents by Poisson bracket a 
linear transformation on the space with basis w. If Q{w) is real, the matrix of this linear 
transformation is purely imaginary, thus it is convenient to denote it by iQ and write 
ad{Q) := {Q(w), w*} = iQw* . The equations of motion are w = iwQ*. The matrix Q is 
related to the quadratic expression bjo 

(17) Qiw) - ^{w, wJQ') = ~^wQJw*. 

Quadratic Hamiltonians are closed under Poisson bracket and, by Jacobi's identity, if 
Qi(w), Q2(w) correspond to matrices Qi, (52 then {Qi(ti;), Q2{w)} corresponds to [Qi,Q2]- 
Moreover, a quadratic Hamiltonian Q has ||^g||r.s < oo if and only if its matrix Q is such 
that Q J is a continuous symmetric linear operator from £a,p to itself. 



3. Main dynamical results 

3.0.2. Generiticity conditions. Our Theorems hold under some constraints on S such as 
those of Remark |31 These constraints are expressed by the condition that the list of 
vectors S, thought of as a point in Z™", does not lie in any of the varieties defined by a 
finite list of polynomial equations, called the avoidable resonances. 

In order to explain this let us establish some simple language. 

Definition 3. Given a list TZ :— {Pi{(), . . . ,Pu{C)} of polynomials in d vector variables 
Ci, called resonance polynomials, we say that a list of vectors S — {vi, . . . , Vm}, Vi G is 
generic relative to TZ if, for any list A = {ui, . . . , Ud\ such that Ui e S, Vi, Ui ^ Uj ii i ^ j, 
the evaluation of the resonance polynomials at Q = Ui is non-zero. 

If TO is finite this condition is equivalent to requiring that S (considered as a point 
in C"™) does not belong to the algebraic variety where at least one of the resonance 
polynomials is zero. 

In our specific case the condition of being generic for the tangential sites S is expressed 
by a finite list of non-zero polynomials with integer coefficients depending on d = 4g(n+l) 
vector variables ^ = (Ci, . . . , Cd) with Q — {(1, . . . , C"). The explicit list of these resonances 
(see Definition 1221) depends on some non trivial combinatorics, nevertheless it is easy to 
give a (highly) redundant list of inequalities out of which the resonances appear. There is 
a constant C > depending only on q, n so that we can take as resonances the non-zero 
polynomials of the form: 

i) Linear inequalities For all non-zero vectors (ai, . . . ,a45(„+i)) with € Z, \ai\ < 
C, we require that 

4(j(n+l) 
i=l 



The apex t is the transpose 

'The parentheses represent the scalar product in K. 
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ii) Quadratic inequalities Let {Q, C,j) — X]/J=i C''Cf be the scalar products. For all non 
zero matrices {aij}i'f2i^^ with aij e Z, |aij| < C, we require 

4g(n+l) 

iii) Determinantal inequalities Consider n linear combinations Uh out of the list of 
elements C := {Ylt=i^^^ ah,iQ, ah,i € Z, |a,,^j| < C'}. 

The determinantal resonances are contained in the list of the formally non-zero expres- 
sions of type det(ui, . . . ,m„), Ui e C. 

Given any to € N, let S" = {vi, . . . ,Vm} G Z'"" be a generic choice of the tangential 
sites. 

Theorem 1. For all r,s,e satisfying (jl4p and for all ^ G ^^2, there exists an analytic 
symplectic change of variables: 

*C : {y,x) X (z,z) {u,u) 

from D{s,r/2) — ;> ^2eo smc/i t/iat f/ie Hamiltonian ^ in the new variables is analytic and 
has the form 

where 

i) Non— degeneracy: uji{£,) — is homogeneous of degree q. 

The map i— (u) i {£,),■■■ ,i-^m{C)) diffeomorphism for ^ outside a real 

algebraic hypersurface. 

ii) Asymptotic of the normal frequencies: We have Qk = \k\^ + X]t=i L^^H^) 
where L^^^k) e Z satisfy \L'^^{k)\ < Anq. 

iii) Reducibility: The matrix Q{S,) which represents the quadratic form Q{S,,w)(see for- 
mula (jl7[) ) depends only on the variables ^ and all its entries are homogeneous of degree 
q in these variables. It is block- diagonal and satisfies the following properties: 

All of the blocks except a finite number are self adjoint and of dimension < n + 1; 
the remaining finite number of blocks are of dimension < 2n. 

All the (infinitely many) blocks are chosen from a finite list of matrices A4{^). 

iv) Smallness: If < r < s/2, the perturbation P is small, more precisely we have the 
bounds: 

(18) 11X^11^^, <C(e2«-V + e2^+V-i), 

where C is independent ofr,e. 

Proof See gH □ 

Remark 5. At first inspection it may seem that the estimate on Xp is too small to be 
possible. Indeed P should contain terms from p(2g+4) ^ -^^jjicj^ should contribute to Xp a 
term of order e^'+^r^^. In fact for a generic choice of S these terms are constant so they 
do not enter in the vector field. 

Remark 6. The list of matrices A^(C) is constructed in Section [TTl cf. Definition [24l 

It contains at most 2n • {2q)"^~^\ matrices distributed in at most 2n ■ (2g)^"''! orbits 
under the group of permutations of the variables . 
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In Example ITS] we exhibit in the case q = 1, n = 2. 

3.0.3. Stable regions for the normal form. An interesting issue is to see if one can use 
arithmetic constraints such as those of 11 , to simphfy those matrices in A4 which are not 
self-adjoint. In Proposition [15] we show that, for n < 2 and all q it is possible to choose 
the tangential sites so that the matrices reduce to only 2x2 matrices independently of 
m. This requires a notion of generic, of arithmetic (or probabilistic) nature, which we call 
the x-constraints discussed in ^112. II One may deduce the following very useful property, 
proved in ^ 312.1.11 

Proposition 3. Under the hypotheses of Proposition \15[ there exists an open region 
0^2 C A^2 where all the non self-adjoint matrices in Ai have real and distinct eigenvalues. 

Proof. The region is the one where all discriminants are strictly positive, we show in 
§12.1.1l that it is a non empty open cone. □ 

It then follows fairly easily from this result and Theorem [TJ 

Corollary 1. There exists an algebraic hypersurface A such that on the open region 
A^2 \ A there is an analytic symplectic change of coordinates taking Q into a diagonal 
form with constant coefficients plus a form Q with constant coefficients depending only on 
finitely many variables Zk,Zk, k € A. 

The change of variables does not depend on {x,y), it is linear in w and analytic in ^. 
The Hamiltonian is then 

(19) iJfin = (w(e),2/)+ ^k\zk? + Q + P{^.x,y,w), 

keS" 

where 

' \nk,k€A 

i) The correction Afc(^) is chosen in a finite list, say 

(20) Afc(e)e{AW(C),...,A(^)(e)}, K:^K{n,m), 

of different (real) analytic functions of S,. 

ii) The functions A^*-'(^) are homogeneous of degree q in ^. Let be a tubular neigh- 
borhood of A with radius of order . For ^ S A^2 \ 21^2 the A('^(^) satisfy the bounds 

(21) |A«(OI < Ce2« , ce2« < |aW(0 ± < Ce^'^ , |V^A«(OI < Ce^^"'. 

Hi) For ^ e Ag2 \ 2te item iv) of Theorem]^ holds. 

iv) Q is a quadratic Hamiltonian with constant coefficients in finitely many of the 
variables Zk,Zk, k € S'^. 

v) For n = 1,2 and all q it is possible to choose the tangential sites so that Q is formed 
by 2x2 blocks which (outside the hypersurface A) are semisimple with distinct eigenvalues. 
The region in which these eigenvalues are real is open non empty and on this region the 
real eigenvalues are given by analytic functions jji^ (C) so that we may write 

(22) i/fin = (0.(0,2/)+ 5] f^fc|2fcP+P(e,x,2/,u;), 
with Clk ~ f^fe + A'fc(C) , Vfc e A. 



Proof. See Section [HXTl 



□ 
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4. A NORMAL FORM 

In this section we make a preliminary study of the Hamiltonian Hres and introduce 
some simple constraints on the tangential sites S , this enables us to define our normal 
form. 

Definition 4. We call x, y, w dynamical variables. We give degree to the angles x, 2 to 
y and 1 to w. 

We use the degree only for handling dynamical variables, as follows. We develop in 
Taylor expansion, in particular since y is small with respect to ^ we develop V^j + Ui = 
VCii^ + ^ + . . .) as a series in |^ we then develop the entire Hamiltonians H, H^cs as 
series in y,w. 

Definition 5 (Normal form). We separate Hjics + P^(''+^^(u) = H = N + P where the 
normal form N collects all the terms of i?R,cs (as series in y, w) of degree < 2 in the 
variables y,w. 

The series P collects all terms of P-^*^'+^)(u) and all the terms of H^^s of degree > 2 in 
the variables y,w. 

It is easily seen that H, hence P, depend analytically on all the variables (,,y,x,w in 
the domain A^2 x D{r, s). 
In the new variables: 

(23) M = ^e»t'»+^y»t'»+ ^ ^kfcl', i = + II l^fel"' 

i i keS" i i fc6S<= 

\k\^ukUk = K = {ujo-x+y)+ i^n^'^i"' wo = (bip,...,kmn. 

Remark 7. The terms X^iCii X^i^i'^i and X^i^il'^'iP are constant and can be dropped, 
renormalizing the three quantities M,L,K (momentum, mass and quadratic energy). 

We summarize the commutation rules: 

(24) {M,yh} = {L,yh} = {K,yh} = 0, {M,Xh} = VhXh, {L,Xh} = Xh, {K,Xh} = \vh\^ . 

{M,Zk) ^ikzk, {L,Zk} ^\Zk, {K,Zk} = i\k\^Zk, 
{M,Zk} = -ikzk, {L,Zk} ^ ~izk, {X, Zfe} = -i|/cpzfc. 
We formalize the momentum and mass by two linear maps. 

(25) TT : Z™ Span(S'), Tr(ei) — Vi, momentum; ry : Z'" Z, r]{ei) = 1 mass. 

where ei, . . . , e,„ are the elements of the standard basis of the lattice Z™. 

Lemma 1. Each monomial e^^'^'^^y'' z°'z^ is an eigenvector of the linear operator^ ad{M) 
and ad{L) with eigenvalues (i.e. with momentum and mass) given by 

(26) T,{u)+Y{ak-fik)k, 7y(i/) + ^ (afe - /3fe) . 

fees<= fces= 

Proof. This follows computing {Af, e''-'''^-'y'z"z^} and {L,e^^'^'^^y''z"z'^} using Formulas 
([23]) and the rules of Poisson bracket. □ 

Remark 8. A monomial Poisson commutes with M and L if and only if the momentum 
and mass are zero, that is Tr{iy) -J2k£S'=('^k - Pk)k , r]{v) = -^Y^kas^i^'' - Pk)- 



Given a polynomial P, we denote by ad{P) the linear operator that associates to each polynomial 
A the polynomial {P, A}. 
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4.0.4. The normal form N . Our next task is to describe the Hamiltonian N of Definition 
m provided that S satisfies some basic constraints. This is done in Proposition 21 

N is described in terms of a hst of vectors, called edges since they will appear as edges 
of a graph describing the non-diagonal elements in ad{N) . 

Definition 6 (edges). Consider the elements 

2q m 

(27) X, 2 ±e,^. =^£,e„ £ ^ 0, -2e, Vi , rj{e) e {0, -2}}. 

3=1 i=l 

Notice the mass constraint = € {0, —2}. We call all these elements respectively 

the black, r]{t) — and red rj{l) — —2 edges and denote them by X^,X~'^ respectively. 

Example 3. For g = 1 we have Ci — ej, —(ei + Cj), i ^ j. For g = 2 we have all the terms 
for (7 = 1 and — ej — Cq — e^, , 2ei — 2ej, — Se^ + e^, i ^ j, a, b. 

We start to impose a list of linear and quadratic inequalities on the choice of S which 
will be justified in Proposition 

Constraint 1. i) We assume that X^JLi "i'-'j 7^ ^ f'^'' ^ J2i = 0, 1 < 

EJn^l <2g + 2. 

ii) IX^i^j^^iP 7^ when ?ij e Z, = 1, 1 < < 2g + 1. 

iii) We assume that X^Jli ^j'^j 7^ 0, when u :— ^j^j either an edge or a sum 
or difference of two distinct edges. 

iv) 2 Er=i P + I Er=i ^^-^^^ I' ^ fo'- all edges £ = ^7=1 ^^'e^' 

Lemma 2. Constraint]^) is an integrability constraint. C'onstraint{^i) is the complete- 
ness constraint. Constraint iii) means that an edge £ — J2]Li^j^j ^■s determined by the 
associated vector Tr{£) — X^Jli ^■j'^j- 

Proof i) The first statement follows from Remark U) 

ii) Using Proposition [1] it is enough to show that, under Constraint ii), we cannot find 
2g + 1 elements Uj — Vi- for which there is a further vector w in Z™ with ui , . . . , U2q+i, w 
resonant. Otherwise w = "^^UiVi is a linear combination with ±1 coefficients of the vi 
hence it is a vector satisfying the hypotheses of item ii), but the quadratic condition in 
the same item implies that the list is non resonant, iii) is clear. □ 

Constraint iv) will be used in the next proposition, we shall see that it excludes qua- 
dratic terms of type or in Hjies- 

For q = 1 this constraint means only that — 2|i;ip — 2\vj\'^ + \vi + ^ j and 

this just means Vi ^ Vj. 

Proposition 4. Under all the previous constraints we have 

(28) N := (c.(0, 2/) + ^ I^Hz^p + Q(x, w) 

kes" 

where ( cf. Formula (j23p ) the coefficient 

(29) Lo[0 = ^0 + VeA,+i(a -{q + l)'A(m, 

does not depend on the dynamical variables. Here 1 € N™ denotes the vector with all 
coordinates equal to 1. 
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The term Q{x, w) is quadratic: 

(30) Q=J2 <^y^''"^ E ^'^^fc + E E [^'^''"^^hZk + e~ 

where, given an edge I, we set £ = i'^ — £^ and define: 



(g + i)T 



(31) Cgii) = cii) <^ 



(9 + 1)9^ 



i++e- 



E 

e+li-- 

E 



>+«+ll=q 



9 

+ + ay + ct 
q+l\f q-l 



'ZhZkl- 



ex" 



z. + i+\l=q-l 



for the definition ofVe see Definition^ 
Example 4. Let us discuss q — I, the cubic NLS. We have 
(32) u;,(C) := |«,|'-2^„ 

finally the quadratic form is 



(33) 



ZhZk- 



l<i^j<n 



l<i<3<„ 



l<i<j<,i 



Notice that in the sums ^** each term appears twice. 

Here J2* denotes that (h, k,Vi,Vj) satisfy: 

{{h,k,v„Vj)\h + v, = k + Vj, \h\^ + \v,\^ = |fcP + |vjf }. 

and ^**, that {h,Vi,k,Vj) satisfy: 

{(h,v^,k,Vj)\h + k = v,+Vj, |/ip + |fcp = + }■ 

Proof of Proposition By definition the normal form N collects all the terms of H^^s (as 
series in y,w) of degree < 2 in the variables y,w. In turn H^^^s is the sum of the quadratic 
term K = I^Pl""?;!^ a-^d of the terms of degree 2q + 2 in the original variables u, u. 
From Remark [7] the quadratic term K contributes to N the terms 



(wo,y)+ E 1^1 



kGS" 



The remaining terms Uk^Uk2Uk3Uk^ ■ ■ ■Uk2g+iUk2q-^2 satisfy the constraints 
(34) ^(-l)^fc,=0, ^(-l)1fc,p = 0. 

i i 

These terms may contribute to terms of iV only if they are of total degree < 2 in y, w. 
We analyze the three possible cases, of degree 0, 1, 2 in w. 
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• degree If all the ki are m S the momentum ^ linear expression 

TTijVj. From momentum conservation and Constraint [1] i) we must have mj — 
0, Vj. This implies that we can pair the even and odd k's and, as shown in 
Proposition [21 this gives a contribution Aq+i{^ + y)- In this expression the terms 
of degree < 2 give a constant (which we ignore) and the term (V^Ag_|_i(^), y). 

• degree 1 One and only one of the hi = k E S'^. Formula (p4l) becomes 

i i 

where '^^riiVi satisfies the hypotheses of Constraint [T] ii). Thus these terms do 
not occur and S is complete. 

• degree 2 Given h,k G S''^ we compute the coefficients of ZhZk or ZhZk or ZhZk- 
These terms are obtained when all but two of the ki are in S. Each ki in 5* 



contributes V'^i + yie^^\ giving a coefficient y Ilj^i Cj'^''^''^^ whenever 

m m 

(35) {zhZk): Y.^,v,+h-k^Q, ^ ^^.j^^f + |/,|2 _ |^|2 ^ £ G 
i=i j=i 



(36) [zhZk): ^£jfj+/i + fc = 0, ^^j>jf + |/i|2 + |A:p = <' G 



(37) (z^zfe): Y.^,v,-h-k = {), ^£^.|t,^f _|/i|2_|^|2^o £eX 



Definition 7. Given e Xg'^'' denote by the set of pairs h, k satisfying Formula (1551) . 
If ^ e ^ we denote by Vi the set of unordered pairs {/i, fc} satisfying Formula (1551) . 

Constraint [1] iii), where w is the sum or difference of two edges, implies that h,k Gx £ 
uniquely. In Formulas p6p . p7p we see that we cannot have £ = ^2ei since the equations 
in these Formulas have the only solution h = k = Vi € S. This explains why in Definition 
[S]we have excluded ±2ei as edges. Constraint [T] iv) implies that h k in Formulas 
((37)l . By Constraint [1] iii) where u is an edge, in (p5t k = h implies ^ = 0. This contributes 
a term {q + l)^Ag(^) X^fces^ kfcP- It is convenient to write 

Y^ii + i)'A,mzk\' = (g + ifA,{0{j2 i^fcP + E y^) - + i)'a(0(E 2^^)' 

k k i i 

and notice that (<?+ l)^^g(C)(Sfc + is a mass term (hence a constant of motion 

for the whole Hamiltonian) and can be dropped from the Hamiltonian, so we change N 
into 

(38) N = K+ (V^ A,+i(0 -{q+ l)'A(m, y) + Q(a^, w'), ^ = (^o, J/) + E l^l'l^fcl"- 
Recall that 1 E N™ denotes the vector with all coordinates equal to I. 
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Let US now compute Q{x, w), given an edge £ set £ = £^ — £ formula ([3T|) comes from 
the expansion 



c,{£) := <^ 



-2 



□ 



It is interesting to notice a point essential for the KAM algorithm, since it gives a 
locally invertible change of coordinates uJi = Wi(^) expressing 



(V^Ag+iiO -iq + l)'A,(Ol,y) - E^^y- 

1=1 

Proposition 5. For ewer?/ r, t/ie Hessian of Ar{£,) is a non degenerate matrix as polyno- 
mial in ^. 

Proof. Let r = p'^t with p prime and p /{t. It is well known and elementary that, if p does 
not divide (p, then divides the vector £. The coefficients of d^^d^2Ar{S,) are 



£i£2 



"(r - 1) 



^1-1, 



r-2 
£2 - 1 



We claim that they are divisible by p''r{r — 1). Indeed if p does not divide (^) we have 
seen that p^" divides £1^2 while p^^^ does not divide r(r — 1). The coefficients of 9|^ylr(C) 
are 

r-2 

£l^2,£2,...,£n 



^1(^1 -1) J =K^-i) 



It follows that the Hessian is divisible by r(r — 1), the off diagonal terms are divisible 
by p''r(r — 1) while the diagonal contains the term r(r — l)diag(^[^^). Therefore, once we 
divide by r(r— 1) we have a matrix which, modulo p, is diagonal with non zero entries. □ 



From Proposition [5] we have the coordinate change: 

Corollary 2. The map V^Ag+i (^) — ((7+ l)^74g(^)]_ is a local diffeomorphism outside 
a real algebraic hypersurface. 

Proof. The Jacobian of this map is a matrix with entries polynomials in ^ with integer 
coefficients. Reasoning as in Proposition [5] we see that this Jacobian matrix is of the form 
J = q{q + l)A— {q + l)^B where q{q + l)A is the Hessian of Aq^i{£^) while B has as entries 
the derivatives of Aq{^), therefore B = qC has coefficients divisible by q. Thus when we 
divide J hy q{q + 1) we have a matrix A — (q + 1)C with entries polynomials with integer 
coefficients. Modulo a prime p dividing g + 1 we have only the contribution from A which 
gives the diagonal matrix with non zero entries discussed in the proof of Proposition [S] It 
follows that the determinant of the Jacobian J is a non-zero polynomial. □ 
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4.0. 5. The perturbation P. Remark that P{x,y,w) is regular in the sense of §2.21 Indeed 
in ([3|) all the terms of degree > 2 are regular and the Birkhoff normal form and elliptic- 
action angle variables preserve this property by the chain rule. 

We say that P is of order £°r^ for some integers a, b if its norm is smaller than Ce'^r^ 
for some e,r independent constant C. This implies, since P is regular, that Xp is of order 
||Xp||^^ is bounded by C'e^'r^-^). 

According to Definition [SJ P comes from two types of terms. In a term- denote 
it by P(3)- we collect all the terms of degree 2i + j > 2 coming from the resonant 
terms Yil^i "^kfihi (of i?Res)- In p(2'?+^) we collect all the terms coming from products 
nti Uk,Uh^, with d > g + 2 o f F2(g+2) 

Recall that u^. = V^i + y^e'^* — y/Ciil + ^ + . . . )e'^* is of order e, while Zk is of order 

r. Then the dominant term in P*-"^) is given by the dominant terms of the monomials of 
degree 2i + j = 3. Hence all the other 2q — 1 variables are tangential and computed at 
y — 0. The order is hence r^e'^'}-^ 

The order of p(29+4) is clearly £29+4 ^nd comes from a term depending only on ^ and 
possibly on x. However, by hypothesis all its Fourier coefficients must respect momentum 
conservation. Reasoning as in Proposition 31 by Constraint [1] iii) such term is necessarily 
constant in the dynamical variables, hence we drop it, since it does not contribute to the 
vector field. Hence the order is either £^9+6 qj. ^2^+3^,^ p^j. ^ ^ ^j^g leading term is 
^2q+3^^ Passing to the vector field, under our constraints: 

Proposition 6. The order of Xp{3) is re^^"^. 
The order of Xp{2q+i) is e^^+s^-i. 

Remark 9. Is is possible to improve the estimate r > to r > £^'^+4 ]jy noticing that 
with one step of Birkhoff normal form one can remove all the non-resonant terms in H 
of degree < Aq + 2, then we repeat the analysis as above. This procedure only changes to 
and Q in a trivial way. 

5. Matrix description of ad{N) 

5.1. The spaces V'^^ and pO i. 

Definition 8. We denote by V"'^ the space of functions spanned by elements of total 
degree i in y and j in w and V'^ = J2i+j=h V^'^ ,V°° — J2i j • 

The space has a basis over C given by the elements {e'^j z^, e~'^j Zk}, 
where € , fc € 5"=. 

It can be also viewed as a free moduli with basis the elements Zk,Zk, over the algebra 
T of finite Fourier series. This is useful since, by Formula ((30)) . the function Q commutes 
with and thus it can be described by a matrix, with entries in J^, in the basis Zfc, z^. 

We now impose the restrictions of momentum and mass conservation. Denote by P'^'^ 
the subspace of V'^'^ commuting with momentum. By formula ([M)) we see that F^'^ has 
as basis, which we call frequency basis, the set Fp of elements (cf. (|25p ) 

(39) Pb = {e'^^ '^^^^Zfe, e-'^^ ^^^^ Zfe}; ^ z/jt;^ + fc = 7r(j/) + = , keS". 

j 

An element of Fp is completely determined by the value of and the fact that the z 
variable may or may not be conjugated, thus sometimes we refer to e'^J as 



A free module is the vector space of linear combinations of a basis with coefficients in an algebra. 
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{i', +) and to e '^^'^^ z_7r(i/) as {i/, — ). By construction i' g Z™ where 

(40) Z'/' := {/i e Z™ I - 7r(/i) e 5"=} , 

and we may identify Fb with Z™ x Z/(2). 

We can further decompose the space = (BF^'^ by the eigenspaces of the mass 
operator ad{L). Notice that the mass of e' ''^^^ Zfc is ^ = + thus on the subspace 

commuting with L we have — 1 = for (i^, ±). 

5.1.1. The action of ad{N). In order to study the action of ad{N) on the two spaces F"^^ 
and y'^'^ we notice that: 

Remark 10. i) The terms J^k I^PkfcP + 2(^i Poisson commute with the algebra 

J- of Fourier series in x. 

ii) ad{J2k I^PNfcP) is a diagonal matrix in the geometric basis Zk,Zk. 

iii) ad{{Ld{£,), y) + J^k I^Pl^feP) ^ diagonal matrix in the frequency basis Fg. 

Hence, in order to describe ad{N), we only need to understand the action of ad{Q) 
on the two spaces F'^-'^ and V'^'^. We then have two matrix descriptions. One, denoted 
iQ{x), with respect to the basis w and with finite Fourier series as entries the other iQ 
with respect to the frequency basis and with constant coefficients. Of course each can be 
deduced from the other in a simple way. 

6. Graph representation 

A matrix [oij ) over a basis indexed by a set / is conveniently displayed graphically by 
a graph with vertices the elements of /. Two vertices i,j are joined by an edge if Qij ^ 0, 
in this case it is also convenient to orient the edge and mark it with the entry of the 
matrix as 



The usefulness of this construction lies in the fact that the connected components of the 
graph correspond to the diagonal indecomposable blocks into which the matrix can be 
decomposed. 

We thus associate to the matrices Q{x), Q two graphs Ts, Ag encoding the information 
of the non-zero off diagonal entries in the respective bases. 

Definition 9. The graph Ts has as vertices the geometric basis, i.e. the variables Zk, Zh, 
and edges corresponding to the nonzero entries of the matrix Q{x) in this basis. 

The graph A5 has as vertices the elements of Fb = Z™ x Z/ (2), and edges corresponding 
to the nonzero entries of the matrix Q in this frequency basis. 

Remark 11. We could also introduce the graph describing the matrix Q on the entire 
space in its corresponding basis. It is just obtained as infinitely many copies of A5 
(for all values of momentum) by multiplying with all possible exponentials e'^j i^jXj ^ 

6.0.2. The rules. The rules to construct the graph are the Formulas ([55)) . ([571) . 

To be explicit in our case, if ai,j 7^ also Uj^i 7^ so we should connect each connected 
pair of vertices with two edges. In fact it is clear that both edges and their markings are 
uniquely determined by a single edge £. We discuss the simple choices that we make in 
order to be explicit. 
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In case of an ordered pair {h,k) satisfying ([35l) for the edge £ € we display: 

c(£)e"-" £ _ -c(f)e""" _ _ -i _ 

Zh ~ > Zu = Zh ' > Zk , Zh ' > Zk = Zh ' > Zk ■ 

Of course, if G then also — ^ e We choose one representative of the pair £, ~£ 
(for instance using lexicographic ordering) and drop one of the arrows. 

Similarly for (a, a) , (6, p) e Z" x Z/(2) such that b = a + i, h ^ -7r(6) , fc = -7r(a) , 
a = p (and ft,, fc as above) we have 

{b, +) (a, +) = (6, +) (a, +) , (6, -) (a, -) = (&, -) (a, -) . 

c{e) -c(i) 

Notice that our convention in describing the basis Fb, implies that the arrow joining 
(a, — ) to (&, — ) has the opposite direction to that joining Zh to Zk- 

In case of an unordered pair (/i, k) satisfying (l36l) for the edge £ G X'"^ we display: 

-c(£)e'^- _ ^ _ -c(i!) ^ 

Zh " ^Zk = Zh Zk , (a, +)^^(6, -) = (a, +) -) , 

c(f)e-'*- 

where — 7r(a) — h, — 7r(6) = /c and a + b — £. 

Remark 12. Since K commutes with Q, a block for Q is contained in an eigenspace of K 

with fixed eigenvalue k. We have 

(41) 

{K,e'^-''zk} = iiJ2t^M\^+\k\^y''-''zkAK,e-'^-''zk}=-iiY,f^^^^^^ 

i i 

The eigenspace of K where /Lij|z;ip+ |fcp = k in general is an infinite block which has 
to be further reduced, by the explicit description of Q, into the direct sum of infinitely 
many finite blocks. 

While the graph appears naturally in the description of Q{x), we find it convenient 
to forget the conjugate variables getting a purely geometric graph Ts with vertices in S'^ 
and colored edges. 

Definition 10. Two points h,k G are connected by a black edge if Zh,Zk are connected 
in Ts, the edge has the same orientation as the one joining z/j, Zk and mark the edge by 
—Tr{i). Similarly, h,k G S'^ are connected by a red edge if Zh,Zk are connected in Ts, the 
marking is again ~tt{£). 

Example 5 {q = I). Suppose we have in Ts the connected component containing Zk^'- 
(42) 

k2 - ki + V3 - vi = 



Ak, + = Zki where < 



63-61 



—62—61 



63-62 



|fc2p-|fclP + |t'3p-klP = 
fcs - ^2 + I'S - f 2 = 
|fc3p-|fc2p + |^;3p-|l'2p=0 
^4 + ^2 — W2 — Wl = 
|fc4p + |fc2p-h2p-|«l|2=0 
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with ki ^ k2 ks ki ^ S'^. Then the block of the matrix Q{x) corresponding to this 
graph is 



\/66e"''"^-^""'^' 

V66e'("-^""^' 

%/Ci?2e'('=i+'=^) 








where we have arbitrarily chosen the ordering Zk-^ , z^^ , , ■ 
By the reality condition we also have the connected component: 



A, 



_ 63— ei _ 63—62 
Zki Zk^ -< 



which we think of as a conjugated block. 

In conclusion the contribution of these two components to Q is: 



4v^e'(^i-^^)zfc,z,, +4V66e'(^^-"^)zfc,Zfc3 +4Va6e-'^"^+"=^)zfc2^fe4 + 



(43) 4Va6e"'("^-"^^^fci^fe2 + 4V66e-''"^~"^^^fc2^fc3 + 4Va6e'^"^+"^^^fc.^fe4 

Let now a G Z™ be any vector such that — 7r(a) — ki, then the graph Ag has the two 
components 



(44) A(^a.+) = 



(-62 - 63 - a, -) 



(a, +) ^ (a + 63 - 61, +) 9- (a - ei - 62 + 2e3, +) 



A{a-) = (-62 - 63 - a, +) 



, 63-61 63-62 , , o ^ 

(a, -) 9- (a + 63 - ei, -) ^ (a - 61 - 62 + 2e3, -) 

Finally the geometric graph corresponding to (l42t is 
(45) Afc, = fc4 



fci ^ K2 ^ k: 



V2+V1 
V2-V3 

'2 ^ K3 



The vectors appearing as vertices must satisfy the linear and quadratic constraints 
appearing in . Notice that we can deduce the list of equations associated to a geometric 
graph by looking at its vertices, indeed if ki, kj are connected by an edge then this arises 
from an £ (see Formulas ([35|) - (|37|) ) which is uniquely determined. 



°we shall denote by 



a red edge. 
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Remark 13. All the connected components which we have described in this simple example 
are isomorphic (as marked graphs), this is a fundamental issue since it enables us to 
define the change of variables which reduces the Hamiltonian to constant coefhcients. 
The geometric graph probably gives the clearer picture since it encodes in the simplest 
way the list of equations which the ki must fulfill. 

It is useful to notice that, as soon as m > n, corresponding to the components ^/ci,± G 
Fg, there are infinitely many components ^(a,±) G A5, one for each of the the points 
(a,±) such that — 7r(a) = k. These points are infinitely many if m > n, since the vectors 
Vi cannot be independent and so tt must have a kernel ker(7r), these components are 
obtained from a given one by translations by elements of ker(7r). 

6.1. Geometric graph r|f°. We define a graph on R" using the formulas (pSj) and (1551) . 
Definition 11. An edge £ G X^'^ defines a sphere through the relation: 

(46) \x\' + {x,Y,l,v,) = -\{\Y.i.v^\'' +Y.^v^), 

i i i 

An edge i G defines a plane Hi through the relation 

(47) (x, E ^^^'') = ^ (I E I' + E I')- 

i i i 

Hi 




Figure 2. The plane Hi with I = Sj — and the sphere 5^ 
with £ = —Ci — Cj . The points hi, fci, Vj, Vi form the vertices of 
a rectangle. Same for the points ^2, "i, ^2, f j 

Definition 12. Each x € 5^ is joined by a red unoriented edge to —x — J^i^i'^i € S£. 
Each X £ He is joined by a black oriented edge to x — J2i ^i'^i S H-e. We construct the 
graph F|P° with vertices all the points of R" and edges the black and red edges described. 

It is convenient to mark each edge of the graph with the element — 7r(£) from which it 
comes from. Notice that Constraint [T] implies that the edge £ is uniquely determined by 
the vector 7t{£). 
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Remark 14. The points in Hi are the initial vertices of an edge £ € Xq^"^ ending in the 
parallel hyperplane He — J2i ^-i^i = H^g. 

(2) 

The points in Se are the initial vertices of an edge of type £ € Xq which is a diameter 
of the sphere. 

Remark 15. The completeness Constraint [1] ii) on S implies that the vectors vi,. . .,Vm 
form a component of the graph F^^". In this component every two vertices are joined by 
a red and by a black edge marked respectively Vi + Vj and Vi — Vj . 
This is independent of the choices of q, m, n. 

Definition 13. The component ui, . . . , Vm is called the special component of the graph 
^ s ■ 

We want to understand the other connected components of the graph r^"^", which 
contain a purely geometric description of the possible components of Ts- Naturally most 
of the components of the graph Tg^° will not be formed by integral vectors. 

6.1.1. A rough estimate. Before we start a fine analysis we may recall first a simple 
result, which is proved in [TB] : 

Lemma 3. i) The number of vertices which may be adjacent to a red edge is finite and 
bounded by some constant A^(g, n, max™ 

ii) For generic choices of S each path m P G Tg'^° containing only black edges cannot 

contain two distinct edges marked with the same £ £ Xg"' . 

( — 2) 

Proof, i) Each £ e Xq defines a sphere and on each sphere there are only a finite 
number of points, at most , where Re, is the radius of the sphere . If a vertex k is 
adjacent to £ by definition k € Se; the statement follows. 

ii) In a minimal counterexample we suppose that an edge £ appears twice and all 
others appear at most once. Let xi,X2 be the two distinct vertices out of which £ exits 
and consider a path P{xi,X2) joining them. By applying the linear equations in psp 
to the vertices in P (a; 1,2:2) one may conclude that X2 — xi +'^niVi, where the are 
integers which depend on P{xi,X2). Since P{xi, X2) does not contain any other edge more 
then once, then \ni\ < (2g)'"+^. Wc now write the condition that xi,X2 S He, using (|T7)) : 



and this may be excluded by requiring 

C^n^Vi,'^£iV^) ^ 0, V^nji;^ ^ 0, |nj| < [2q) 



m+l 



which is a generiticity condition. □ 
This Lemma immediately implies: 

Proposition 7. For generic choices of S there is a uniform bound on the number of 
vertices in each connected component ofT^g" . 

Proof. By Lemma[3] iij a path made of black edges has a finite (and uniformly bounded) 
length since each edge may appear at most once. So the connected components containing 
black edges have a uniform bound on the number of vertices. By Lemma [3] we may 
form a finite block with all the points adjacent to a red edge and all the vertices connected 
to them. Indeed if a vertex is connected to a vertex in a sphere by a path made of black 
edges then this path has finite length. □ 
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This bound is clearly very rough, however to prove optimal bounds one must work 
much harder and this we shall do in the rest of the paper. 

6.2. Geometric results. Our goal We want to decompose the graph r|f° into simple 
blocks, as for instance that of (|45|) . The fact that this may be possible with blocks of 
at most n + 1 vertices is suggested by a simple count of parameters, indeed one sees in 
(H^ that a tree with e edges occurs when the e + 1 vertices (corresponding to (e + l)n 
incognita:) satisfy a set of e(n + 1) equations. 

Indeed, this bound can be achieved for all blocks consisting only of black edges under 
all geometric constraints. 

The core of the paper is to prove Theorems [2] and [3] by imposing a finite number of 
non-zero polynomial constraints on S, Constraints [T] are the beginning of this analysis. 
The full list of the explicit geometric constraints is summarized in Definition 1221 

Theorem 2. For a generic choice of the vi as in \2S\ we have: 

i) All connected components of the graph r|f° consisting only of black edges have at 
most n + 1 vertices. 

a) There are finitely many components in T s containing red edges, each can contain 
at most 2n vertices. 

Hi) The connected components ofV^g" consisting only of black edges are divided into 
a finite number of families. 

iv) Each family in T^g° is formed by all the graphs obtained from a given one G, with 
k-\-l affinely independent vertices, under translation by all the points of the n — k 
dimensional subspace orthogonal to the span of G, minus a union A of a finite 
number of lower dimensional affine subspaces. 

The translates G + a, a G A are contained in strictly larger connected compo- 
nents of T^g° . 
Moreover 

v) All connected components of the graph As have at most 2n vertices. The vertices 
with the same sign are affinely independent. There may be complicated dependen- 
cies between vertices with different signs. 

Proof See i fTOTl □ 

The next result relates the three graphs A5,r5,r5. Take a frequency fj, G Z™, let 
be the component in A5 of (a*, +) and set k ~ — 7r(/x). From Formula (|39l) the 
associated component in Ts is the one of the element Zk and will be denoted by • 
Finally in the geometric graph Ts we have the component of the element k which will be 
denoted by Ak. Similar description for {p, — ). 

Theorem 3. For a generic choice of S the map — tt establishes a graph isomorphism 
between -4^^ ±) and which is also mapped isomorphically to Ay^. All these maps 

are compatible with the markings. 

Proof See □ 

In particular the space spanned by all transforms of e'^'^z^ applying the operator 
ad{N) has a basis extracted from the frequency basis in correspondence, under — tt, with 
the vertices of A}. . 

All other connected components of Ag lying over Ak are obtained from A(^^±) by adding 
all the elements v such that ^{v) = 0. 
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7. A FORMALIZATION OF THE GRAPHS. 

The rules (|35l) . (pS)) . (|37l) determine the edges of the three graphs As,rs,rs that we 
have introduced in ij6.2l These rules consist of a linear and a quadratic constraint which 
encode respectively the conservation of momentum and of quadratic energy (i.e. the fact 
that we have kept only resonant terms). We want to see first that, if we implement only 
the linear rules, the graphs we construct arc contained in some Cayley graphs (see the 
Appendix for the relevant definitions). Next we show that the quadratic rules select, 
inside the large Cayley graphs, the graphs of our interest. 

7.1. The linear momentum constraints. Denote by Z™ := {Y^^TLi (^i^i^ '^i ^ ^} the 
lattice with basis the elements Ci. 

We consider the group G := Z™ x Z/{2^ of couples {a,a) with a G Z™ cr = ±. The 
group structure is given by the rules 

(a, +)(6, +) = (a + b, +) , (a, -)(6, +) = (a - b, -) , 

(a, +)(6, -) = (a + b, -) , (a, -)(6, -) = (a - 5, +). 

It will be notationally convenient to identify by a the operator of left multiplication by 
(a. +) and by t the operator of left multiplication by (0, — ) so that 

(a,+) ==a(0,+), (a,-) =ar(0,+). 

Note the commutation rules ar — t(— a). Sometimes we refer to the elements a — (a, +) 
as black and ar = (a, — ) as red. 

Recall we defined the mass in Formula (p5)) by 77 : Z™ Z, 77(6^) 1. If p G Z it 
is easily seen that the set Gp := {a : ri{a) — 0, ar : ri{a) = p\ form a subgroup. In 
particular G-2 is generated by the elements — Cj, (— — ej)r. 

The group G has also a simple geometric interpretation, for any a G Z™ the element 
a acts on Z™ as the translation ; a; i—)- a; + a, while the element t is the sign change 
T : a; — ?> — x, so ar acts by x i-> a — a;. 

Remark 16. In our dynamical setting, we have chosen a list of vectors Vi and defined (cf. 
Formula ^) tt : Z"^ ^ R" by tt : 1-^ w,. 

We can think of G also as linear operators on R" by setting 

(48) ak := -7r(a) + /c, A: G M", a G Z™ , r/s := -fc 

For each (7 = 1, 2, ... we consider the Cayley graphs in G, Z'", R" associated to the set 
A = {AO = (A", +), A-V = (A-2, -)} (cf. Formula Notice that, for all a G Z'", 

we have (a, — )^ = (0, +) = Id, the identity of G. In particular A = A~^. 

We take two elements (a, cr), (5, p) £ G {a,p — ±). We have 

(49) (5,p)(a,(T)-i =5(0,p)(0,(7)(-a) = 

Therefore (a, cr), {b, p) are joined by an oriented edge marked with £ G A" if cr = p and 
b — a = £, while (a, cr), (6, p) are joined by an edge marked with £t, £ G A^^ if cr = — p 
and a + 6 = ^. Graphically 

{b, +) (a, +) , {b, -) (a, -) , (a, +) {b, -) . 



6 — a if p = cr 
(a + 6)r if p 7^ cr 



notation xi stands for semidirect product 
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We have obtained the same picture as in §6.0.2| only now we are not imposing the quadratic 
constraint h = — 7r(a), k = — 7r(fe) where {h, k) satisfy ([35]) or ((36|). We usually drop the r 
in the marking of the unoriented edges associated to £ £ . 
The significance of this choice is: 

Proposition 8. i) The elements X'^, X^'^t generate G-2- 

ii) The Cayley graph contains the geometric graph r|f° of Definition \l(A 

We identify the basis Fb of Formula ^ with Z'J' x Z/(2) C G then: 

Hi) The graph A5 (cf. is a subgraph of the Cayley graph Gx- 

iv) Each connected component of As is a ful^^ subgraph of the Cayley graph Gx- 

In view of the previous Proposition we set a: 

Definition 14. A complete marked graph, on a set A C x: Z/(2) is the full sub-graph 
generated by the vertices in A. 

In fact using conservation of mass and the action of G on Z™, it is even better to 
consider A5 lying in the orbit of G-2 in Z™ formed of elements a e Z"* 1 77(a) = 0, —2. 
This identification is not canonical but depends on the choice of a root r S A5 that 
corresponds to 0. 

There are symmetries in the graph. The symmetric group Sm of the ml permutations 
of the elements preserves the graph. By Lemma [T^] we have the right action of G, on 
the graph: 

(50) {b,cr) ^ {b,a)T = b(TT, (&,cr)h->(6,CT)a = (6 + CTa,cr), Va,6eZ". 

Up to the G action any subgraph can be translated to one containing (0, +) in this way 
we keep only the combinatorial information. 

7.2. The quadratic energy constraints. We consider R™ with the standard scalar 
product. 

Given a list 5 of to vectors Vi € R", we have defined the linear map n : Ci t-^ Vi. 
Let S^IZ™] := aijeiCj}, Oij £ Z be the polynomials of degree 2 in the with 

integer coefficients. We extend the map tt and introduce a linear map : a I-)- a^^^ as: 

n{e,)=v,, n{e,e,) := {v,,v,), L^^) : Z" ^ ^^(Z'"), a - ^ a,e, a^^^ := ^ a.e^. 

We have tt{AB) = (7r(A), 7r(B)), VA, B e Z™. 

Remark 17. Notice that we have a'^^ = if and only if a equals or one of the variables 

a. 

Definition 15. Given an element u = (a, cr) = {J^i diCi, cr) G G set 

(51) Gin) := ^{a' + a^'^), ^if (u) :== ^(C(u)) = |(| E '^'^''l' + E 

i i 

We call K{u) the energy of m, this is exactly the eigenvalue of K given by Formula (|41l) . 



a full subgraph of a graph F consists of a subset of the vertices and all the edges in F between these 
chosen vertices 
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Notice that C{u) has integer coefRcients. 

For u = (a, cr) and g — "^iGi, p) consider gu — (6, ap), b = J2i ^i^i + P'^- We have 

(52) C{gu) = aC{g) + C{u) + (p - l)^a^ + n,e,)a. 

i 

From ([5^ we see that K{gu) = K{u) if and only if: 

(53) - K{g) + (p - l)|7r(a)|2 + 2(^ n,v„^{a)). 

i 

Definition 16. Given an edge u — ^^-^ f , u = (a, cr),w = (&, p) = xu, x G X^, we say 
that the edge is compatible with 5 or tt if K{u) = K{v). 

As in the previous section we identify the basis Fb of Formula ([M]) with Z™ xi Z/(2) C G. 

Proposition 9. The graph Ag of Definition\^is the subgraph of Gx in which we only 
keep the compatible edges and the vertices in Z™ x Z/(2). 

Proof, i) If we have a e Z™ and 6 = (^. l)a = £ + a, set fc :— — 7r(6), /i := — 7r(a), we have 
k + Tr{£) = h. The condition K(a) = K(b) is given by formula 1^ with 5 = (i, 1). This 
in turn gives formula (j47p with x — h, i.e. implies the fact that h e iJ^ or equivalently 
that h, k satisfy the equations ((35| . 

Similarly if 6 = (£, T)a = (^ — a, t) we have tt{£) + h + k ~ 0, the condition K{a) — K{b) 
is given by ([53]) with 5 = (-^jT), this gives formula (|46p with x = /i or a; = fc, i.e. implies 
the fact that h,k G Si or equivalently that h, k satisfy the equations (|36| . □ 

Example 6. In our Example [5] consider the component A^a,+) in (l44l) . By construction 
the edges appear in the Cayley graph, moreover the condition that all the vertices have 
the same energy are the equations in (|42p . The projection of A(^a.+) with the map — tt 
gives Aki in (^5]). 

This Proposition is the combinatorial counterpart of conservation of the quadratic en- 
ergy K computed in Formula (j4ip and summarized as: 

• If u,w are in the same connected component of A5 we have K[u) — K{v). 

• Under the map — tt, the component A maps to a connected component C of T g 

Corollary 3. A connected component A of As is a complete subgraph (cf. Definitional^ 
ofGx- 

Proof. Fix an element u of which we want to find the component. Consider the set of 
all elements with the same energy as u. They determine a complete (or full) subgraph 
of the graph Gx, and an edge in this subgraph is by construction compatible, thus the 
component passing through u of this graph is the required one. □ 

8. Graph isomorphism 

We wish to identify the connected components of A5 with those of F^. 

Proposition 10. i) Under the map (a. cr) 1— !■ — 7r(o) the graph As maps surjectively to 
the geometric graph Ts . The image of an edge in As is an edge in Ts . 

ii) The preimage of an edge in Ts is a set of edges in As which are simply permuted 
by right translations under the subgroup ker(7r) of 17^ . 
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Proof, i) this is just the definition of Ts since we have shown that a compatible edge 
(a,±) — (^ji) is such that setting h = — 7r(a), k := — 7r(6) one has that h,k respect 

(133). 



a) Given a compatible edge (a, ±) 



(b, ±) let ft, = — 7r(a) , fc = —TT{b). Consider 



now a' such that a — a' G ker(7r) and set b' = a'+£ so that by definition (a', ±) is connected 
to (6',±) in Gx- We notice that 7r(a) — 7r(a') so that -ftr(a) = K{a'), the same holds for 

b' and we may conclude that K{a') = K{b'). This shows that (a',±) — (^'ji) is a 
compatible edge. We follow the same reasoning in the case of a red edge t). □ 

We now want to invert Proposition [TUl and thus lift a connected component C of to 
a connected component of A5. In our example O one can easily see that is isomorphic 
to Aa,± and hence can be lifted. However this is not always the case unless we impose 
some further constraints. Indeed consider a connected graph yd. A € Ag and let A be its 
projection on Ts- As seen in Corollary [7l the two graphs are isomorphic if and only if 
every circuit in A is also a circuit in A. 

There can be two cases: 1. the circuit in A contains an even number of red edges. 2. 
the circuit in A contains an odd number of red edges. 

Example (Case 1). suppose that the geometric graph contains a component 



which is the case provided that 

vi — 3^2 + + W4 = 



[ 2(fci,Z;2 - Vi) = \V2 - Wll' + \V2\^ - \vi\^ 
\ 2(fcl,W4 - W2) = \vi-V2\^ + \vi\^ - \V2\^ 

Let us choose any a G Z'" such that — 7r(a) = ki. We easily verify that the tree 



(a, +) ^ (a + ei — 62, +) — (a + ei — 2e2 + 63, +) s- + ei — 3e2 + 63 + 64, +) 

is contained in A5. Let us call v — ei — 3e2 + 63 + 64, by hypothesis ■k{v) = 0, so that 
we have — 7r(a + av) = ki for all integer a. This implies that the connected component of 
(a, +) has infinitely many vertices: 

, , ei— e,2 ^ 63—62 / \ 64—62 , > 

(a, +) *- (a + 61 - 62, +) (a + 61 - 262 + 63, +) (a + u, +) 



61—62 / p, \ 64—62 , r» \ 63—62 , X 

[a + 2u, +j ^ (a + u + 61 — 262 + 63, +) (a + t; + 61 — 62, +j 



To avoid this pathology we simply require that Vi — 3w2 + 1'3 + U4 7^ so that this geometric 
graph does not have a realization. 

Example (Case 2). Suppose that the geometric graph contains a component 

^3 

?'2-'l'4 / N\ •U2+1'3 



fcl 
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which is the case provided that 

k2 + h ^ ki + V2 - Vi + ki + V4 - V2 ^ V2 + V3, 

( 2{ki,V2 - Vi) = \V2 - WlP + |f2|' - blP 
2ki=Vi+V2+V3-V4, < ,2 I 12 I 12 

[ 2{ki,V4 - V2) = \V4 ~V2\^ + |f4r - \v2r 

we substitute 2ki in one of the hnear equations and obtain that this geometric graph does 
not have reahzation if 

{vi + V2 + V3 — Va, V4 — V2) ^ \V4 — V2\^ + \V4\^ — |w2p- 

To repeat this reasonings in the general case we need the fohowing trivial fact: 

Lemma 4. If a = '^^niCi e Z™ resp. (a,T) is a product of d elements in Xq we have 
that \ni\ < 2dq. 

It should be clear at this point that in order to lift the components of Ts with at most 
d vertices we must impose as many linear/quadratic inequalities on S as the number of 
loops which may appear in a component. Thus if we wish to impose only a finite number 
of constraints we cannot lift arbitrarily large components. Our strategy is the following: 
first we fix d = 2n + 2 and impose constraints to ensure that all components with at most 
d vertices can be lifted. Then we show that there are no compatible graphs in r|f° with d 
vertices, this excludes the existence of graphs C in Ts with d or more vertices. Otherwise 
we would be able to lift some subgraph of C with d vertices to a compatible graph in A5. 
This means that the mapping — tt gives an isomorphism from each connected component 
of As to its image in Ts ■ 

We impose 

Constraint 2. We assume '^^iiVi ^ 0, for all choices of the such that = 
0, K«l < 4(7(n+ 1) and Y.^^^e^ 7^ 0. 

Under this constraint take an element g = Ei ^i^i which is a product of d < 2n + 2 
elements in X. We have then Ei I'^d ^ 4:q{n + 1) so if g 7^ we have Tr{g) = J^i ''^I'^i 7^ 0- 
Then for all k ^ Z"- gk — Tr{g) + k k, Vfc, hence case 1. may not occur. 

For case 2. let g — (a, r), a — "^ -Uiei, Ej'^* ~ ~2 be such that gk = k for some 
A: e Z". This is possible if and only if 7r(a) = Ei'^i^i ~ Since we are assuming that 
there is a non trivial odd loop starting from k, changing if necessary the starting point, 
the first step of the loop tells us that k lies in a sphere Se for some initial edge £ G X. 

This implies that k = —1/2 ''^i'^i satisfies a relation of type 

(54) l^^^i-.l' - 2(^n,z;„^(£)) = 2K{e). 

i i 

Where £ = {J2^^^ei) € X^~^\ This formula vanishes identically if - 2a£ = 2C{1) = 

{a -if = -£2„2^(2)^ 

This implies that all coefficients of £ must be —1, and £ = — Cj. 
This implies a ~ £ — ±{ei — Cj) hence a = —2ei, ~2ej and k = Vi,Vj. 
We impose 

Constraint 3. We assume that for all choices of the ni such that Ei = ^2, Ei — 
4:q{n + 1) all equations ([51)) are not satisfied. 
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If C is any marked graph which has at most d vertices, a minimal loop in C has at 
most d edges, thus: 

Corollary 4. Under the previous constraints if C d Ts is a connected graph with at most 
2n + 2 vertices then C can be lifted. 

Proof. By Corollary [7] we only need to prove that, under the previous hypotheses, it is 
not possible that a non trivial element g, which is a product of at most 2n + 2 elements 
of X, fixes an element k ^ C. 

By the constraints that we have imposed this may happen if and only if this element 
generates a trivial constraint, that is an identity for all choices oi v.^. li g = a G Z™ this 
is excluded by Constraint [5] and for g = ar it is excluded by Constraint [31 □ 

9. The equations defining a connected component of Ts- 

Take a connected subgraph A oi Ts which can be lifted (in particular this will be the 
case if A has at most 2n + 2 vertices by the previous constraints). Choose a root x G A, we 
lift X = — 7r(a), this lifts A to the component A(a,+) through a in A5. For h € A we have 
an element gh (z G obtained by lifting a path in A from x to h and such that h = gux. 
We set 

(55) gh := {L{h), a{h)), L{h) e Z™, cr{h) G {1, r} =^ h = -Tr{L{h)) + a{h)x. 

We then can deduce that: 

Lemma 5. For each h d A we have: 

Ux,7righ))^^K{gH) if<j{h) = l 
y^x]-' + {xM9h)) ^ h^iah) if<j{h)^T 

Proof. We use Formula (j53p which implies that. 

(57) = Kign) + {<7{h) - l)\x\^ - 2(7r(g,.), x). 
To be explicit if L{h) = mid by (jSTt : 

(58) T^{gh) = '^rniVi, K{gh) = (7{h){\'^miVi\^ + '^mi\vi\^). 

i i i 

□ 

The equations on x given in Formula (j56p are a complete set of conditions for the 
existence of a graph A inside some connected component (which could also properly 
contain A) of F^f ° . The reader should notice that these equations are completely analogous 
to the ones of Definition [TTl given only for edges. 

Definition 17. Let A C Gx be the graph with vertices the elements gh (and gx = 
(0, +) = Id), this is called the combinatorial graph associated to A and the root x. 

Example 7. We explicitly compute the combinatorial graph associated to Ak-^ of Example 
[H We choose fci as the root. 

(59) A= (-62-63,-) 



(0, +) (63 - ei, +) -^^X~ei - 62 + 263, +) 



(56) 
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The system of equations associated to this graph is 

{{x,V3 - Vi) = 1^3 P - {vi,V3) 
(a;, -wi - ^2 + 2i;3) = SlwaP - 2(wi + 1-2, W3) + (vi, W2) 
- {x, V2 + V3) = -{V2,V3) 

Notice that this graph does not belong to A5 but if a e is such that — 7r(a) = ki 
then the right translation translation by (a, +), i.e. A{a, +) gives A(^a,+) G ^5. 

Remark 18. Notice that the map which associates to each h E A the element gh = 
{L{h), a{h)) is well defined only if A can be lifted. The construction of the L{k) is in turn 
the key to the reducibility as can be seen in Example [T4l 

Consider now a complete subgraph (cf. Definition [T4l) of Gx which contains (0, +). We 
associate to each vertex g ^ (0, +) of the graph an equation: 

Ux,7r{a))^^K{a) if g = (a, +) 

^ ^ \\x\^ + {x,7r{a)) = ^K{a) if .9 = (a,-) 

We think of this system of equations as associated to the graph. 

Definition 18. We call the set of complete subgraphs of Gx which contain (0, +) and 
have at most 2n+2 vertices the set of possible combinatorial graphs. We say that a possible 
combinatorial graph A has a geometric realization (in Tg'^° ) if the equations associated 
to the graph have real solutions. 

The following statement holds. 

Proposition 11. A possible combinatorial graph A is a combinatorial graph if and only 
if the equations (|6ip have solutions in 5^. 

Remark 19. Notice that in a possible combinatorial graph one may deduce the color of 
each vertex by computing its mass. Indeed all vertices (a, +) must have r]{a) = while 
(a, — ) corresponds to 77(a) = —2. 

We have reduced our problem to that of understanding which possible combinatorial 
graphs have a geometric realization. Naturally for given S this amounts to checking wether 
the equations associated to the graph are independent and- if they are not- to verify their 
compatibility. 

Definition 19. We say that two possible combinatorial graphs are equivalent if one is 
obtained from the other by right translation by an element of G (see formula ([50]) ). 

Remark 20. It should be clear that if A has a geometric realization then so has any other 
equivalent possible combinatorial graph. Moreover the two identify the same components 
of Tg'" with a different choice of the root. 

Example 8. The following combinatorial graph is equivalent to A of example [71 

(62) A' = (-62-61,-) 

-62-61 

(61 - 63, +) — (0, +) (63 - 62, +) 

Indeed it is obtained by right translation with the element (ei — 63, +). The equations are 

{ix,vi - V3) = |uip - (ui,U3) 
{x,V3 - V2) juap - ("2,^3) 
|xp - {X, V2+V1) ^ -{v2, vi) 
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it is easily seen that these equations are equivalent to the system given by formula ()60p . 
they still identify the geometric graph Ak-i^ of example [5] only now the root is in /c2 . 

9.1. Relations. Take a possible combinatorial graph A 

Definition 20. • If ^ has k + 1 vertices is said to be of dimension k. 

• The dimension of the lattice generated by the vertices of A is the rank, ikA, of 
the graph A. The dimension of the lattice generated by the black vertices (a, +) 
(resp. red) is called the black (resp. red) rank of A. 

• If the rank of A is strictly less than the dimension of A we say that A is degenerate. 

Take a connected component A of Tg and choose a root x G A. Assume that A can 
be lifted. Let A — {ga, a G A} he the combinatorial graph of which A is a geometric 
realization. 

Lemma 6. The rank of A does not depend on the choice of the root but only on A. 

Proof. If we change the root from x to another y we can stress in the notation ga^x = 
{Lx{a), ax{a)) and have 

(64) ga,x = ga,ygy,x, =^ Lx{a) = Ly{a) + ay{a)Lx{y), cFx{a) = ay{a)ax{y). 

This shows that the notion of rank is independent of the root. □ 

Notice that when we change the root in A we have a simple way of changing the colors 
and the ranks of the vertices of A that we leave to the reader. 

If A is degenerate then there are non trivial relations, = 0, Ua GTL where the 

sum runs among the vertices a G A. 

Remark 21. It is also useful to choose a maximal tree T in A. There is a triangular 
change of coordinates from the vertices to the markings of T. Hence the relation can be 
also expressed as a relation between these markings. 

We must have by linearity, for every relation UaO, — 0, ria e Z that = nacS'^\ 
where we recall that if a = '^OiCi we have that a*^^-' = '^Oicf. Finally we have = 
Y,a "-a7r(a) and Y.a ^aVia) = 0. 

Recalling that 77(a) = 0, —2 (resp. if a is black or red), we have : 

(65) 0= 

a I 77(a) — — 2 

Applying Formula (1551) we deduce that, in order to ensure that the equations of A are 
compatible, we must have 

(66) ^naX(a) = 2(a;,^na7r(a)) + [ ^ nj(x)2 = 2(x, ^ n,^(a)) = 0. 

a a a|j;(a) = -2 a 

The expression ng — 7r(^gnaC(a)) is a linear combination with integer coeffi- 
cients of the scalar products {vi,Vj). 

Given a possible combinatorial graph A with a relation: 

Definition 21. If naC{a) ^ we say that the graph has an avoidable resonance. 

Lemma 7. A degenerate possible combinatorial graph A with an avoidable resonance has 
no geometric realization for a generic choice of the S :— {vi}. 

Proof. The graph has a realization only if naK{a) = but this polynomial, by defini- 
tion, is not identically zero. □ 
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Example 9. Consider the possible degenerate combinatorial graph 

. 61-62 -61-63 61-63 

A= 61-62 ^ ^=^= -ei - 63 s — 2e3 



-61 - 62 

The relation is (ei — 62) + 2(— Ci — 63) — (—263) — (— ei — 62) = 0. 
We may write the value of C{a) of each vertex a, we get 



6162 



■0: 



: 6163 



6162 

we have 

naC{a) = e\- 6162 + 2eie3 + eg - 6162 

a 

so the equations of this graph are incompatible if 7r(ei — 6162 + 26163 + 6§ — 6162) 7^ 0, 
this is a generiticity condition. 

We arrive now at the main Theorem of the section: 

Theorem 4. Given a possible combinatorial graph of rank k for a given color, then either 
it has exactly k vertices of that color or it produces an avoidable resonance. 

Proof. Assume by contradiction that we can choose k + 1 vertices (ao, ai, . . . , ak), different 
from the root of the given color so that we have a non trivial relation UiCii = with 
no and the vertices a^, i = I,. . .,k are linearly independent. We compute the 
resonance relation 

2^n,C(ai) =Y,nMai){a^ + a^^) = ± 71^(0^ + af), 

i i i 

since all the vertices ai have the same color. By linearity we have nia\ = 0. We 
deduce that niC{ai) = ± UiO,^. 

We consider the elements Oj with i = 1, . . . , fc as independent variables and write the 
relations as 

k k k 

= noao + ^ nitti, => niOj)^ + "'O ^ niaf = 0. 

i=l i—1 i=l 

Now Yli=i f^i^^'i does not contain any mixed terms andk, h ^ k therefore this equation 
can be verified if and only if the sum J2i=i ''^i^i reduced to a single term UiCi, and then 
we have no = — n^ and ao = ai, a contradiction. □ 

Constraint 4. We impose that the vectors Vi are generic for all resonances arising from 
degenerate possible combinatorial graphs with at most n + 1 elements of a given color. 

Remark 22. It is essential that we introduce the notion of colored rank, otherwise our 
statement is false as can be seen with the following graph: 

(67) (-e2 + ei)^=(-2ei) 







(-62 - ei) 
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Relation is (—62 + ei) — (—62 — ei) + (— 2ei) ~ 0, we have 

C(-e2 + ei) = - 6162, C(-e2 - ei) = -6162, C(-2ei) = -e^ 

e? - 6162 - (-6162) -e\ = Q. 
Actually this graph does not really pose any problem since its only geometric realization 
is in iS* (hence it is not a true combinatorial graph). However we are not able to exclude 
the existence of more complicated graphs of this form which may have realization in S'^. 

We are reduced to considering possible combinatorial graphs with at most 2n+2 vertices 
and such that the vertices of the same color are linearly independent. We call these graphs 
colored-non-degenerate . 

We now look at the equations (ISTI) associated to the graph by a choice of S. Consider 
a possible combinatorial graph A of black rank h and red rank k. If ft, < rt then we can 
require that the images of the black vertices a G A through the map — tt are independent. 
Then the linear equations (pT|) associated to these vertices are independent and have 
solutions. The same holds for the red vertices, only the equations (|6T|) associated to these 
vertices are quadratic and so the solutions need not be real. 

Given a colored-non-degenerate possible combinatorial graph A with ranks h,k < n 
for dimension n we associate to it the nx h matrix M^(A) with columns the vectors 7r(a) 
where a runs over the black vertices. Same for the e n x k matrix AI^{A). 

Constraint 5. For any colored-non-degenerate possible combinatorial graph A with red 
and black rank < n we require that EH 

/\^'{M+iA)) ^ , a''{M-{A)) ^ 

If one of the colored ranks is fc = n + 1, then any choice of S must lead to a relation 
between the vectors Tr(ai) where the are the vertices of the same color. We will use this 
to show that either the equations are generically incompatible or they give a solution in 
the special component. This is the content of the next section. 

10. Geometric realization 

Consider a possible-combinatorial graph A with < 2n + 2 vertices and suppose that it 
has rank n + 1. By Theorem lU the vertices of each color are linearly independent. We 
want to study its geometric realizations in dimension exactly n. For this we can consider 
the variety Rj( of realizations of the graph i.e. the set of points {x,vi, . . . , v„i) G 
which satisfy the equations ([6T|) associated to A. 

Call 9 : Rj( C™" the projection map (x, Wi, . . . , v^) {vi,. . . , v^). We say that 
a graph is not realizable for generic Vi if 9{Ra) is an algebraic variety of codimension at 
least one 

Suppose that we have n + 1 black vertices (different from the root). If we choose n 
of them (discarding say ai) by Theorem |4l we can require that for generic S the 7r(ai) 
with i = 2, . . . ,n + l, are independent. This we do by choosing S so that the determinant 
of the matrix Mi having 7r(ai) as rows is non-zero. Then the system of equations is 
incompatible if the n + 1 x n + 1 matrix obtained by adding the row 7r(ai) and the column 
of inhomogeneous terms has non-zero determinant. We compute this determinant which 



If A is a, ax b matrix and h < min(a, b) wc denote by A^A the matrix withh entries the determinants 
of the h X h minors. 

^^In this discussion wc ignore the delicate issues of wether a realization may be integral, real or 
imaginary. 
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is a polynomial in the Vi and if it is not identically zero we impose it as a generiticity 
constraint and A is not generically realizable. 

If it is identically zero then the equations have a solution, which we can compute by 
Cramer's rule by discarding the first equation. Hence A is generically realizable. 

In the same way suppose we have n + 1 red vertices. We choose one of them, say ai, 
and subtract the equation for oi to the remaining equations (|6ip . We obtain a system of n 
linear equations Mix = b which, by Theorem [4l are generically independent. We impose 
as a genericity constraint det(Mi) and solve the equations by Cramers rule. We obtain 
a solution xj[ which is a rational function in the Vi with det(A/i) at the denominator. The 
graph has realization for all the S for which xj[ solves the quadratic equation associated 
to oi. We substitute and rationalize. If the numerator is a non-zero polynomial then 
we impose it as a generiticity constraint and A is not generically realizable. Summarizing, 
we impose 

Constraint 6. For any colored-non-degenerate possible combinatorial graph A with red 
and/or black rank n + 1, we impose that the vectors Vi are generic for all resonances 
described above. 

Example 10. We consider the combinatorial graph of example [8] in dimension n — 2. 
We impose 

d = - W3,l)(^3,2 - l'2,2) - (^^1,2 - V3,2)iv3,i - V2.1) ^ 

solve the first two equations (|63p by Cramer's rule and obtain the solution x = (2:1,2:2): 

^1 = (blP - ivi,V3))(v3^2 - V2.2) - {Vl.2 - V3.2){\V2\'^ - {v2,Vz))/d, 
X2 = - V3,^i){\v2\^ - (W2,W3)) - - {vi,Vz)){vs,^i - V2.l)/d. 

We substitute in the last equation, rationalize and obtain that a realization exists only if 

{ivi,V2) - (vi^Vs) + |l>3p ~ (1^2,^3)) • {vi,i^V2A + I'l,! ^'1,2^W2,1 + Wl,2^ l'2,l^ + 

Vl,l'^ Vi^2 V2,2 + "1,2^ f 2,2 " 2 Vi^i Wi,2 V2.I V2.2 + 

2 2 3 2 2 2 

Via V2,2 —Via W3,1 — "^1,1 W1,2 W3,1 — Swi,! W2,l W3,l — 3 Wl,2 V2AV'iA + 

2vi,2 V2A V2.2 vzA - 2 1^1,1 W2, 2^^3,1 + 3 Wi,!^ ■i;3,i^ + 2 i;i,2^ ^3,1^ + 3t;i,i V2a vza'^- 

Wl,2 ^^2,2 ^3,1^ + V2a'^ ^3,1^ - 3 W3,i^ - V2A V^A^ + W3,l''- 

2 3 2 2 2 

1^1,2 ^^3,2 — '^'1,2 ^3,2 — 2 Wi^2 1^2,1 ^^3,2 — 3 Wl,! 1^2,2 1'3,2 — 3 lil,2 ^2^2 ^3^2 + 

2W1,1 V2A V2,2 ^3,2 + 2 Via "1,2 "3,1 "3,2 + 4l'i^2^'2,l ^'3,1 "3,2 + 4i;i_i i;2,2 1^3, 1 ^'3,2 

-2 W2,l 1'2,2 V3A V3.2 - 3 Vi,2 "3,1^ "3,2 " "2,2 "3,1^ "3,2 + 

2 "1,1^ "3,2^ + 3 ^;l,2^ "3,2^ - "1,1 "2,1 "3,2^ + "2,1^ "3,2^ + 3 vi^2 "2,2 "3,2^- 

3 "1,1 "3,1 "3,2^ - "2,1 "3,1 "3,2^ + 2 ^3,1^ ^3,2^ - 3 Wi^2 "3,2^ - "2,2 "3,2^ + "3,2"*) = 

We thus have the final definition of generic for tangential sites S. 

Definition 22. We say that the tangential sites are generic if they do not vanish for any 
of the polynomials given by Constraints [T] through [Sj 

Remark 23. Each of the constraints involves at most 2n + 2 edges, thus at most Aq{n + 1) 
indices which have to be taken up to symmetry by Sm hence can be taken in correspon- 
dence with the vector variables yi , . . . , ?/4g(„+i) . 
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We have ensured that for generic choices of S only those graphs which are generically 
reahzable are reahzed. 

Example 11. Consider the possible combinatorial graph: 

(-63-64,-) , 
-£3-64 ^^^^ 

(63 - 61, +) "X:^ (0, +) (63 - 62, +) 

It is easily seen that in dimension n = 2 this graph is generically realizable, and its 
equations have the unique solution x = v^. 

We now want to study those graphs of rank n + 1 which are generically realizable in 
dimension n. As we have seen, on a Zariski open set of the space wi, . . . , Vm we have a 
unique realization given by solving a system of linear equations and thus given by a vector 
X whoose coordinates are rational functions in the vectors Vi. We call this function the 
generic realization. 

Theorem 5. If A is a possible combinatorial graph of rank n + 1 which has a realization 
for generic Vi 's, then its generic realization is in the special component ( the solution x 
belongs to the set S ). 

The proof is based on two points. A graph which has a generic geometric real- 
ization in the special component is called special. It is easy to describe the special 
graphs, up to translation they correspond to combinatorial graphs with vertices in the 
set — ei, —BjT, i, j — 1, . . . ,m. 

Lemma 8. If for a non degenerate graph of dimension n > \ the solution to the associ- 
ated system, in dimension n, is given by a polynomial then the graph is special and the 
polynomial is of the form Vi for some i. 

For 71 = 1 the same result is true for a nondegenerate graph with 2 edges. 

Proof. See appendix [BJ □ 

Let ^ be a graph of rank >"- + !, consider as before the variety R_a, of realizations of 
the graph, with its map 9 : Rj, — > C™". 

Proposition 12. There is an irreducible hypersurface W o/C"" such that the map 9 has 
an inverse on C™" \ W . The inverse is a polynomial map. 

Proof. Black edges 

We have n + 1 linear equations (a;, 7r(ai)) = bi which are generically compatible. We 
solve them by Cramer's rule choosing an index j and discarding the equation (j6ip as- 
sociated to a vertex aj. Since the equations are always compatible we must obtain, 
generically, the same solution for all choices of aj. Consider the matrix Mj with rows 
the 7r(ai), i = l,...,ri + l i ^ j. The solution is a rational function of the Vi having as 
denominator the determinant of Mj . This reasoning defines the solution of our equations 
for all S for which there exists a j such that det(Mj) ^ 0. We claim that each of these 
determinants is an irreducible polynomial so it defines an irreducible hypersurface Hj. 

In fact a choice of n rows gives by assumption a surjective linear map C™" — )■ C" . Any 
surjective linear map can be considered (in appropriate coordinates) as a projection on the 
first mn coordinates. Hence an irreducible polynomial remains irreducible by composition. 
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The claim follows since it is well known that the determinant is an irreducible polynomial 
of the matrix elements. 

We claim that these hypersurfaces are not all equal. By hypothesis the matrix B = (0^ ) 
has rank n + 1. All the matrices obtained by B dropping one row define the various 
determinantal varieties, Hj. The fact that these varieties are not equal is discussed in 
Appendix O It depends on the fact that the matrices cannot have all the same kernel 
(otherwise the rank of i? is < n). Then the result follows by Proposition [TBI 

Hence our solution is well defined outside a subvariety of codimension at least 2. This 
implies immediately that it is given by a polynomial using the following standard fact 
(which follows immediately from the unique factorization property of polynomial alge- 
bras): Let W be a subvariety of of codimension > 2, let F be a rational function on 
which is holomorphic on \ W , then F is a polynomial. 

Red edges 

When we also have red edges we select n+1 linear and quadratic equations associated 
to the n + 1 vertices which are formally independent. We see that the equations ((6T|) 
(for these vertices) are clearly equivalent to a system on n linear equations associated 
to formally linearly independent markings, plus a quadratic equation chosen arbitrarily 
among the ones appearing in (j56p . Thus a realization is obtained by solving this system 
and, by hypothesis, such solution satisfies the quadratic equation identically. 

Let P be the space of functions X]"=i'^i^ij Cj G M and {P,P) their scalar products. 
By assumption we have a list of n equations '^^J^^i aij{x,Vj) — {x,ti) — hi with the 
ti = jyjLi linearly independent in the space P and hi = J^h k ^/i ki'^h, Vk) G [P, P)- 

Solve these equations by Cramer's rule considering the Vi as parameters. Write Xi = 
fi/d, where d(v) :— det(^(u)) is the determinant of the matrix A{v) with rows ti, fi{v) 
is also a determinant of another matrix Bi{v) both depending polynomially on the Uj. 
We have thus expressed the coordinates Xi as rational functions of the coordinates of the 
Vi. The denominator is an irreducible polynomial vanishing exactly on the determinantal 
variety of the Vi for which the matrix of rows j ~ 1, . . . ,n is degenerate. 

Lemma 9. Given x = [x\, . . . , a;„) = {fi/d, . . . , fn/d), let (x)'^ = J2i ^1- Assume there 
are two elements a G P,b G (P, P) such that (x)^ + (x,a) + b = holds identically (in the 
parameters Vi ); then x is a polynomial in the Vi . 

Proof. Substitute Xi = fi/d in the quadratic equation and get 

i i i i 

Since d = d{v) = det(A(u)) is irreducible this implies that d divides ff . 

Since the fi are real, for those v := (ui, . . . ,Vm) € R™" for which d{A{v)) = 0, we 
have fi{v) — 0, Vi; so fi vanishes on all real solutions of d{A{v)) — 0. These solutions are 
Zariski dense, by Lemma 1171 in th^ determinantal variety d{A(v)) — 0. In other words 
fi{v) vanishes on all the v solutions of d{A{v)) = and thus d{v) divides fi{v) for all i, 
hence a; is a polynomial. □ 

□ 

Proof of Theorem [31 Once we fix a root we have that the variety Ra is the set of solutions 
of a system of > n + 1 linear and quadratic equations in the variables x, u^. We are 
assuming, by Proposition I12| that we have a solution x = F(v) which is a polynomial in 
vi, . . . ,Vm- We now can apply Lemma HI □ 
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10.1. Proof of Theorem [H 

i) Assume by contradiction that there is a connected subgraph A of the graph r^*^" 
with n + 2 vertices and ah black edges. Then A is the geometric reahzation of 
a possible combinatorial graph A with n + 1 non-zero black vertices which, by 
Theorem |4] must be independent. By Theorem [5] we have that A is contained in 
the special component and we have a contradiction. 

ii) Such a component must contain an integral point in one of the spheres Si. Suppose 
by contradiction that there is a connected subgraph of this component with 2n + l 
vertices, denote it by A. By hypothesis A can be lifted, let A be its combinatorial 
graph. We can have at most n black and n red vertices otherwise the graph has 
rank > n + 1, but if we have exactly n black vertices and at least one red vertex 
we also have rank > n + 1 since the red vectors are linearly independent of the 
black similarly for red. So we can have at most n — 1 black and n red vertices for 
a total (including the root) of 2n vertices. 

iii) We put in the same family two components whose combinatorial graphs are equiv- 
alent. 

There are only finitely many possible combinatorial graphs with at most 2n 
vertices. A family is formed by the geometric realization of one representative 
for each equivalence class of equivalent combinatorial graphs. This automatically 
chooses a root. 

iv) Take a marked graph A with k + 1 < n + 1 vertices and all black edges. Call A a 
realization of A and let x be the root. Any other realization A' has a corresponding 
root x' such that x—x' is a vector orthogonal to all the 7r(ai), where are the non- 
zero vertices. By Costraint[5l the 7r(ai) are all independent. Conversely if x' is a 
point in M" such that x' — x is a, vector orthogonal to all the 7r(ai), then it solves the 
same equations as x. Hence it is a vertex of a connected component which contains 
a translate of A and can only be bigger. If the component corresponds to a bigger 
graph, the point x' solves some further independent linear equations, with respect 
to X, and hence x' belongs to a lower dimensional affine subspace determined by 
the bigger graph, since these graphs are finitely many this completes the picture. 

v) This is the content of Theorems [4] and [S] 

Definition 23. Let Bn — Bn,m.q be the set of non-equivalent combinatorial graphs for a 
given dimension n. 

Each A G Bn has realizations in and the choice of a representative in the equivalence 
class fixes a root in each component of Ts- 

Example 12. The set Bi is simply the set of graphs with a single edge: (0, -f ), (£, 1-1- 77(f)). 

For 71 = 2 we have Bi and the complete graphs with three vertices (0, -!-),(£, 1 -I- 
77(f)), (£', 1 -I- r]{£')). We should consider graphs with up to 27i = 4 vertices which are of 
rank < 2 and such that the non-zero vertices of different colors are dependent. A direct 
computation shows that no such graphs exist. 

Remark 24. One might think at this point that for any n the set S„ is only made of graphs 
with at most 7i-|- 1 vertices which are affinely independent. However this conjecture seems 
quite hard to prove, it is true but requires a lengthy proof for q = 1, for general q it seems 
quite hard to verify even in dimension n = 3 and indeed it may not be true. 

10.2. Proof of Theorem \3[ Once we have ensured that no graphs with more than 2n 
vertices exist we can apply Proposition [10] and Corollary |4l This gives an isomorphism 
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between the components of Fs and those of As- More precisely for each family of com- 
ponents we choose one A S and we also choose a root. 

By translation this also determines a root for all other components in the same family. 
With these choices we can associate to A the combinatorial graph A G Bn of which it is a 
realization, see Definition [TTI Let x be the vertex associated to (0, +). Then we obtain all 
the components in A5 over A by right translation with all the elements (a, ±) such that 
X = — 7r(a). 

To establish the isomorphism with the components of r5 we make sure that two con- 
jugate blocks are disjoint, i.e. that a pair Zk, Zk is never in the same block of ad{N). This 
would correspond to a loop in the geometric graph which is not a loop in A5, which is 
excluded by Constraint [3l 

Corollary 5. If the Vi are generic, in the projection map Ts — > F5 the preimage of a con- 
nected component ofTs is the union of two disjoint and conjugate connected components 
ofTs- 

Each A € Bn has realizations in Fg and the choice of a representative in the equivalence 
class fixes a root in each component of Fg. For all k E S'^ set x{k) := x{A) to be the root 
of the component A of F5 to which k belongs. By Corollary U and Formula ([55]) : 

Lemma 10. Each component A can be lifted defining in a compatible way elements g{k) 
so that k — g{k)x{A), g{k) = {L{k), a{k)) and if fci,fc2 are joined by an edge marked 
£ G G we have ^(fe) = £g{ki). 

Clearly if A is a realization of A then {L{k),a{k)) is just the vertex of A which is 
identified with k in the isomorphism between A and A. 

Example 13. We consider the component Ak^ of Example [5] (which exists provided that 
n > 2). This component is the realization of the combinatorial graph A of Example [7l 
Hence: 

(68) 5fei = (0,+) , = (63-61,4-) , 5fc3 = (-61-62-263,+) , 5fe4 = (-61-62,-) . 

11. Proof of Theorem [T] 

11.0.1. Reduction to constant coefficients. We think of j/ = (?/i, . . . , j/m), x = (xi, . . . , Xm) 
as vectors so that, given a = UiCi € Z™ we have a - x := UiXi, a ■ dx := nidxi = 
d{a ■ x). Furthermore dy A dx = dyi A dxi. 

Before proving the Theorem in general we show how to reduce to constant coefficient 
a single block. As usual we use the graphs in Example [5] 

Example 14. Consider for q = I, the Hamiltonian: 
4 

i=l 

the terms depending on z, z are those of Formula ([5]). We apply the change of variables: 

4 

z,^ =e-'i('=')-z;^, y^y' + J2L{h)\z',f, x ^ x' , 

i=l 
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where L{ki) are defined in Lenima fTOl and given in formula (|68|) : L{ki) — 0, L{k2) — 63— ei, 
L{k^) — — 61 — 62— 2e3, i(fc4) = —61—62. A direct check shows that this change of variables 
is symplectic and that the Hamiltonian in the new variables is: 

(69) (0.(0,2/') +E (^0'^(^^)) + + Q 

1=1 

where uj(X) = ujq — 2^, and: 

4 

1=1 

4^^16444 + 4V664i4 + 4^66443 + 4^664,44- 

Theorem [T] is contained in the following, more precise, proposition: 
Proposition 13. i) The equations 

(70) zu = 6-^(^-)-z;, y = y'+Y. mWuW ^ = ^' ■ 

kes^ 

define a symplectic change of variables : D{s,r/2) — > D(s,r), which preserves the 

spaces V^. 

We denote by W = diag({6'^(''') ="}fces<= , {e^'^^'^^ '^lfeesO, the matrix of ^-(3) on w. 

ii) The Hamiltonian H in the new variables is N' + P o mfiere 

(71) TV' = TV o vl/(3) := (^(^), y') + ^ (\k\^ + {u;{0,m)) |4p + Q'{w'), 

keS" 

and 

(72) Q'(z«') := Qix,w'W) Qo¥'^ = J^di) ^ z'^z',+ Y.c{i) [z',z', + z',z',], 

i(ix° {h,k)ePt lex-''- {h.k}<i-Vi 

is independent ofx. 

iii) P := P o v]/(3) satisfies the bounds of Theorem [1] iv). 
Proof, i) By definition |i(A:)| < Anq for all k. Since 

sup |w'|a,p < e^'\w\a,p < e^'r/2 < r 

D(s,r/2) 

for s small enough the transformation is well defined from D{s,r/2) to D(s,r). It is 
symplectic because: 

dy Adx + idz A dz = dy' A dx' - ^(^(fc) • dx') A d(|zfep)+ 

k 

idz' Adz' + Y d(L{k).x') A [z'^^dz',. + 41^4) = H A dx' + idz' A dz' . 

k 

Finally it preserves the spaces since it is linear in the variables w which have degree 1 
and in y, \zk\^ of degree 2. In fact it maps a space V^'^ into X]h=o 

ii) We simply substitute the new variables in the Hamiltonian, we obtain that 

(73) {toio. y) + E l^l'l^fcl' - (^(0, y') + E(^(0, i(fc))l4l' + E 
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By definition of W we have Q{x, u')ov[/(3) _ Q(x, w'W). Formula (|72|) follows from Lemma 
[ini In fact we substitute in Formula ^ Zk ^ ^-\L[k).x ^^^^^ ^ ^ ^'^^ {h, k) e Vt we 
have 

and, by Formula (j49]) we have £ - L{h) + L{k) = 0. Similarly when i e X^'^, {h, k} e Ve 
we have 

and, by Formula (gSl) we have £ - L{h) - L(k) = 0. 

in) Let us prove the bounds. We notice that the total degree 2i + j is the same in 
the two sets of variables. Moreover ^^^^ is independent of ^, hence P o vl/(3) j^^g iy^q same 
order as P, see section 14.0.51 and the bounds follow by Proposition [51 □ 

Remark 25. It is possible to choose also infinite sets of Vi so that the change of variables 
is still convergent in a ball. For this it is enough to impose a reasonable growth to \vi\ as 
i — >■ oo. 



11.1. Definitions of 51^, Q. From Formula (p8| we have 

(74) N' = K' + (V^A+i(0 -{q + ifA^iOhv' + Y,L{k)Wk?) + Q'K), 

k 

We set 

(75) = (c^o, + IfcP , Q := Q'(u;') - il + ^fMOh i(fc))|4l' 

fc 

and remark that the fife are integers and the coefl[icients of the quadratic form Q are 
homogeneous in the variables ^ of degree q. 

We can group Q = Qa where the sum runs over all blocks A g and Qa involves 
only the variables z^., with k appearing in the block. We now use the graph language. 
Having made the change of variables we should really introduce a new graph T'g expressing 
the non-zero entries of Q in the basis z' . In fact by Remark [11] this is just a subgraph of 
that larger graph but it is also clearly isomorphic to Ts although the matrix entries have 
changed, so by abuse of notation we still denote it by the same symbol Ts- 

Take a block A € Fg and let A± be the corresponding disjoint conjugate components in 
Ts (by convention, in the root x corresponds to Zx, while in A- the root a; corresponds 
to Zx). 

Remark 26. 1. Qa is a Hamiltonian on the symplectic space Wa with basis (z^,z^), k 
running over the vertices of A. 

2. We denote the vertices in each A± by Za and Za resp. . The variables Za and 
Za form the bases of two Lagrangian subspace^ decomposing Wa- 

3. Both K' and (VjA,+i(C) - (g + 1)^^,(01, y') in N' commute with Q{x,w'W) 
hence ad{K' + {V ^Aq^i{S) — (g + l)^Aq(^)l, y')) takes a scalar value on any given block 
Za- 



^■^Notice that the two bases IZa and Zj^ are dual bases only when A does not contain red edges. 
Indeed, in general, the duality matrix is diagonal with elements ±1. 
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11.1.1. The matrix blocks of Q. Set iQ'j^ to be the matrix of ad(Q^) and i£)^ to be the 
(diagonal) matrix of 

ad(^(V4 A,+i(e) -{q + lfA,m, L(fc))|z^n 
k 

in the geometric basis z^,z^ with k ^ S'^. Clearly the matrix representation of Qa is 
Qa — Q'a + ^'a- Moreover, by definition of F'^, we have — Q'^ Q'^ . 

Given two vertices a ^ h ^ we have, from Formula (j30p . that the matrix element 
QJj f, is non zero if and only if they are joined by an edge £ and then Q'ab — c(^) b = z'f. 
or J, = —c{£) if 5 = z^. The element c{£) is described in Formula ([50]) . On the diagonal 
we have Q^^, = while the D'^^ = (V5A,+i(0 - (g + 1)2^,(01, i(fc)) if a = 4 

— (V{Ag+i(^) — ((; + l)^v4g(^)l, i(fc)) if a = z^. (cf. (fTHl) ). The same rules hold for vertices cambiati 2 segni 
a b € A- and one easily verifies that 

(76) Qa^=-Qa+- 

By definition L(k) depends only on the combinatorial graph A of which A is a realiza- 
tion, therefore the matrix Qa depends only on the combinatorial block A. 

In order to stress this point we write Qa = Ca = C.A.+ ® Ca,-, with Ca,- — ^Ca,+ - 

Lemma 11. For all combinatorial blocks A which do not contain red edges, the matrix 
Ca,+ is self-adjoint for all ^ G . // A contains red edges then each vertex has a sign. 
This defines a diagonal matrix of signs T,a and Ca,+ is self-adjoint with respect to the 
indefinite form defined by "Ea ■ 

Proof. This is essentially a consequence of the fact that H is real, but it follows immedi- 
ately from the definition of c{£) and the explicit formulas for Ca.+ given above. □ 

Definition 24. We denote by A4 the finite list of matrices {C^}^ where A runs over all 
the non-equivalent combinatorial blocks with chosen root at (0,-|-) which contain only the 
indices 1, . . . , iqn. We denote by A^(^) the finite (and independent of m) list of matrices 
{Ca}a where A runs over all the non-equivalent combinatorial blocks with chosen root 
at 0. 

Corollary 6. The matrices are obtained from the matrices A4 by permuting the 

variables {^i, . . . , ^m}. 

Proof. In fact we have finitely many graphs with at most 2n vertices, the indices appearing 
in the edges are the ones appearing on a maximal tree with at most 2n edges. On each 
edge they involve at most 2q indices and so we have the a priori bound number Aqn of 
indices which, up to symmetry, can be taken to be 1, . . . , 4:qn. □ 

Example 15. We describe the block Ca.+ for the graph A consisting of a unique edge 
£. Recall that ri{£) = J^i^i either or —2 so 1 + ri{£) = 1, —1 respectively. Set 

c{£) = {q + l)a{£) , V5A,+ i(0i ~{q + ifA^iOvi^) = {q + 1)(1 + vW)m , 
we then have: 

{1 + 'n{£))a{£) 



(77) CA,+ = {q + l) 



a{£) b{£) 
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cambiati 3 segni 



For q = 1 one gets 

Ai= (0,+). 



(78) Ca,,+ = 2 



1:2 







(62 - ei, +) 



A. 



(0, 



1,2 



2V66 



c 





2\/el6 



2Va6 6-6 

For q = 1 consider the component A of Formula [5^ we obtain 

f o_ 2^66 o_ \ 

Ca,+ = 2 



(-ei - 62,-) , 
-2V66 

-6 - 6 



2V66 6-6 



V 



2v^ 



-2V66 
2V66 6+6-26 





2V66 



-6-6/ 



the reader can easily verify that in the Hamiltonian (j69p Q is represented by the matrix 
above. 



Proof of Theorem{l\ The change of variables $^ = o \1>(2) o Item i) follows from 
Corollary [2j Item ii) follows from the corresponding item of Proposition [131 Item iii) also 
follows by item ii) of [131 The set of matrices A4 is defined in Definition [24l iv) follows 
from the same statement for P. □ 

12. Proof of Proposition [3] and Corollary [T] 

12.1. The arithmetic constraints. We want to show now that in some special cases, 
on the integer points of the geometric graph we may impose much stronger conditions. 

Proposition 14. (i) Forn — 1 and for generic choices of S , all the connected components 
ofTs are either vertices or single edges. 

(ii) For n — 2, and for every m there exist infinitely many choices of generic tangential 
sites S — {vi, . . . , v„i} such that, if A is a connect component of the geometric graph Ts, 
then A is either a vertex or a single edge. 

Proof, (i) It is proven in Example [T^ 

(ii)This statement is proved in TT for g = 1 by a very direct and lengthy computation. 
Here we give a more conceptual proof based on estimates of integral points on algebraic 
curves, valid for all q. 

The simplest of such estimates is that, for all < (5 < 1 one can estimate the number 
of integral points of a circle of radius Rhy as i? — ^ oo. 

In general Bombieri and Pila prove, in [3] Theorem 5, that if C is a real absolutely 
irreducible algebraic curve of degree d and if A'^ > e"* the number of integral points in C 
in the square [0, A^] x [0, N] is bounded by 

iV^/'^ exp(12v/log(iV) loglog(Ar)). 

In particular for any 6 > and N large we have a bound N^^'^'^^ . 

We need a less fine estimate, if the curve is not necessarily absolutely irreducible but 
contains no lines we still get, by looking at its irreducible factors an estimate of type 
j\^i/2+s large. We want to use these bounds for our estimates. 

Let us first characterize the sets a;, wi, . . . , Vm such that there is an edge marked £ with 
vertex in x. We can interpret Formulas (|47l) -(j46 l) by saying that x,vi, . . . ,Vm satisfy an 
equation which is the equation for a sphere in either x (red edge) or one of the Vj 's- here 
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we consider the other variables as parameters. Suppose now that a; is a vertex of a graph 
U with two different edges £i,£2- Hence x satisfies the two equations given by these edges. 

Case q = 1. We know that there is an index i — 1, . . . , m such that appears in £i 
but not in £2 (otherwise we would have £1 — Ci — ej and £2 — —Si — &j which does not 
have a realization in T s)- 

Suppose now that £2 is red. We next claim that ii \vi\ < R for all i then |a;| < CR 
(where C is a universal constant). Indeed since one of the edges is red then x belongs to 
the circle of diameter vi , V2 (we are assuming without loss of generality that the red edge 
is £2 = -ei - 62). 

Consider the set 

Aij : {vi, . . . , Vm, x} C Z^™^^. \vi\ < R, x solves the equations given by U := £i,£2- 

We claim that \Au\ < Without loss of generality we may suppose that £1 

depends non trivially on 63. 

We first use the equation given by £1 to express ^3,1 in terms of the other parameters. 
This of course gives at most two solutions. Then the equation for £2 is a circle in x with 
diameter < 2R. 

Thus UuAu has < (™)^i?2'"-i+'5 elements. When R is large < ('^)^i?2m-i+5 < ^2m 
thus the projection of this set on the first m coordinates is not surjective and thus any 
point outside this projection is a set of tangential sites satisfying the condition of our 
proposition. 

To treat the case of £i,£2 both black we need to ensure that \x\ < CR provided that 
the \vi\ < R. We compute x by Cramer's rule, the denominator is tt{£i) A 7r{£2) while the 
numerator is bounded proportionally to |7r(£i)||7r(£2)|-R- To obtain the desired bound we 
restrict vi, . . . , v,n to the sector where \tt{£i) A tt{£2)\ > c(m)|7r(^i)||7r(i'2)| for all choices 
of ^1,^2 G -''^i, here c{m) is some constant depending only on m. The set of w^'s which 
satisfy this constraint and have \vi\ < R is still of the order of i?^™. 

As done before, we use the equation given by £1 to express ^3^1 in terms of the other 
parameters. Then the equation for £2 is a circle in one of the variables vi, V2 with diameter 
< 2CR. 

Case q > 1. It is no longer always true that there exists an index i such that appears 
in £1 but not in £2- If this restriction is satisfied then the previous proof applies, otherwise 
we claim that we can apply Theorem 5 in the paper of Bombieri and Pila [3] . In fact look 
at an equation 

|(a;, y)p + {{x, y), ^^^i) = -1/2(| ^ m,i;,|2 + ^ m,\v.^) 

i i i 

or equivalently 

|2(x,2/) + ^m,t;,|2 ■.= \{x\y')f = -{\Y,Tn,v,\^ + 2Y^Tn,\v.,\^). 

i i i 

since = —2, either niiVi = —Ca — (where the previous arguments apply)or 

there is then an index j with rrij > 0, write the equation in terms of {x',y'),z = Vj^i 
considering the other coordinates as parameters. This defines an ellipsoid 

{x'f + [y'f + [m] + 2mj)z^ + az + 5 = 

which, if the remaining coordinates of the Vj are bounded by some R is contained in a cube 
[—CR, CR\^ with C some fixed integer depending on the rrii. We now intersect with the 
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other equation and claim that we have an absolutely irreducible curve, to its projection 
on one of the coordinate planes we apply the Theorem of Bombieri and Pila. The other 
equation is of the form {x, rnvi) = 1/2(| niVi\'^ + ^- nijwip) if the other edge is black 
or (f , ^,(n, - m,)v,) = -1/2(| n,z;,|2 + n,\v,\^) + 1/2(| m,v,\^ + m,|«,|2) if 
the edge is red. The equation is of the form rijx'z + cz + dy' + ex' + Jz^ +5 = 0, where 
d = riiVi^i- If d ^ we solve it for y and see that we have a plane quartic, otherwise 
we project it to the plane y', z still getting a plane quartic. In either case the quartic does 
not contain a real line since its real points are bounded, the estimate on its integral points 
follows from Theorem of Bombieri and Pila. 

Two black edges. TO^ei, njCj, mi = rij = the equations are 
(f,^miUi) = l/2(|^mit;ip+^mi|t)jp),(f,^nit;i) = 1/2(| ^ n^Wip + ^ nilwip) 

i i i i i i 

say that mi ^ ni consider all the Vi,i > 1 and y as parameters, let z,w denote the 
coordinates of vi which we consider as variables, so write the equations as 

x{a + miz) =^ l/2{'m\ + mi)[z^ + w^] + mizw + bz + cw + d 

x{a' + niz) = l/2{n\ + ni)[z^ + w'^] + nizw + b' z + c'w + d' 

we may assume ni 7^ otherwise we are in the previous case of an index appearing in ii 
and not in £2- Project to the z, w plane and we see that we obtain the cubic 

[l/2{rn\ + mi)[z^ + vo^] + mizw + bz + cw + d]{a' + niz) 

= {a + miz)[l/2(nl + ni)[z^ + w^] + riizw + b' z + c'w + d'] 

of equation 

Az[z'^ + + Bz^ + Cw^ + Dzw + £:z + Fw + G = 

with A = l/2nimi(mi— ni) 7^ 0. Let us show that this is absolutely irreducible. Otherwise 
it factors through a linear and a quadratic term, and we can always assume that the linear 
term is defined over M since with any factor we also have the conjugate factor. This implies 
that if there is a factorization it is of the form 

{Az + K){z^ + w'^ + Mz + Nw + P) 

which implies that 

Az{Mz + Nw + P) + K{z^ + w'^ + Mz + Nw + P) = Bz"^ + CuP' + Dzw + Ez + Fw + G 

AM + K = B, K = C, AN ^ D, AP + KM = E, KN = F, KP = G 
in particular C — K . Now C ~ {m\ + mi)a' — {n\ + ni)a where a — X)i>i o! — 

We have AF = CD and we claim that this imposes a non trivial restriction to the 
parameters, thus for a large set of parameters we can apply the the method. 

We have F = ca' — c'a and c = —miy + mi J2j>i ''^j'^j,'^^ c' = —niy + ni J2j>i '^j'^i,2, 
while D =^ a' mi + cni ~ ani — c'toi. We see that in D the variable y disappears while in 
F it appears linearly with coefficient —mia' + nia = X]i>i('^i"^2 ~ 'mini)vi^i. We cannot 
have (niTTii — miUi) — for all « > 1 unless ^2 is a multiple of ii. This case though we 
have excluded in Theorem 21 

We conclude that, for any 5 > 0, the number of integral points are less that a constant 
(dependent only on 5) times At this point the proof is identical to the previous 

argument. □ 
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We denote the sets S which do not contribute to any Ajj as arithmetically generic and 
think of the condition flx G : (wi, . . . , Vm, x) G UijAu as an arithmetic constraint. 

Proposition 15. Under the geometric and arithmetic constraint for n — I or n — 2 all 
the non-diagonal blocks in Q are two by two and given by Formula (|77p . 

Remark 27. It is unclear what happens in higher dimension. One can use the same 
argument to exclude graphs of rank equal to the dimension, so Dimension 3 could still 
behave in a special way. On the other hand, for q = 1 there is a different method using 
the second Melnikov condition which we shall discuss elsewhere. 

12.1.1. Real roots. We ask if there are regions in the parameters ^ where all blocks have 
real roots. The issue is only for graphs containing red edges and the region is described 
by a finite set of inequalities given by Sylvester's Theory. 

We discuss here the case in which all graphs containing a red edge reduce to this edge. 
As remarked in §12. H one can have this case in dimension n = 1, 2 for all q. 

The matrix associated to the graph A consisting of a unique red edge £ is given by 
Formula ([77)1 where: 

™ °<^)-^— s G':i)Gr;„)ff. 

l« + £+|i=g-l 

S/^Ag+,{OI -iq+ ifAgiOm = -{q + IW) 

The characteristic polynomial of C^/iq + 1) is t{t — b{£)) + a{£)'^ with discriminant 
— 4a(^)^. We want to show that there is a non empty open region in our pa- 
rameter space where the roots of all these polynomials are distinct real, that is where all 
these discriminants are strictly positive. For this, using the usual lexicographical order, 
let us compute the leading terms of all these polynomials. Apply Formula ([79]) letting 
d{£) :— q — 1 — \£'^\i we see that the leading monomial of — 4a(£)^ is ^^(^)^^^+^ , As for 

b{£) it has the monomial appearing with the following coefficient. In — — V^^^^^ the 

+1 

coefficient of comes from — = (? + while for i > 1 in — — '^^^ the coefficient 

of comes from = {q + K ^ = i^i, ■ ■ ■ Jm) the coefficient of 

in b{£) is £i + {q + 1) J2^>l Since J2^ ^» = -2 we finally have £i + {q + 1) J2^>l ^^ = 
£l-{q + l)£i - 2{q + 1) = -q£i - 2{q + 1) = -q{£i + 2) - 2. 

In the term — (g + l)Aq(£^)ri(£) — 2{q + l)Aq{^) the monomial appears with coeffi- 
cient 2(g -I- 1). Thus we get a total contribution of —q£i. Thus if £i ^ the leading 
monomial of the discriminant is ^^'^ with positive coefficient, li £i — Q let us look at 

the coefficient of ^j'^^ in — — rr^^i i ^ 1. This comes from the terms '?('?+^) Ci^^^f 

giving q{q + 1)^^^^ and q{q + l)£.f^^£.^£.J, i^ j giving q{q + l)Cr^ T^j^ia To- 
gether we get q{q + l)i^i^^ ^j^i ^i- When we take the scalar product with £ we get thus 
a total contribution of —2q{q -\- ^i- From 2{q + l)Aq{£) we get the term 

2q^{q + Sj^^i Ci- Thus we get a leading term of type 2{q^ ~ q){q + ^)£,i~^£,2 unless 

q = 1, in this case we need to do a different argument. 
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The leading term of b{£)'^ is thus with positive coefficient. This gives the 

leading term in the discriminant unless £^ = hence d{£) — and £ — — 2e2, but this is 
not possible by one of our first constraints. 

Finally for q = I the discriminants are all of type ^| + — 14^i^j so we see that in all 
cases we can apply the following Lemma. 

Given j G N consider the list Aij of monomials of degree < j in the variables S^i, i = 
1, . . . , TO ordered lexicographically, denote by A ^ B this ordering. 
Given a positive constant D set 

Ad ■■= {e I 6 > 0, A(0 > DB{0}, yB^A, A,Be Mj}. 

Lemma 12. i) For every D > the open set Ad is non empty. 

a) Consider a list of polynomials fi{^) of degree < j and with real coefficients. If, for 
each i, the coefficient in fi of the leading monomial is strictly positive then there 
is a positive constant D so that in the region Ad we have fi{^) > for all i. 
Hi) Under the hypotheses of ii), if all the ft are homogeneous the non empty open set 
where fi{(,) > for all i is a cone. 

Proof, i) Consider the curve :— \ if M = Ili^i C'*' have that on this 

curve M{t) = t^- h,{j+ir+'-\ jg ^^^^^ ^^^^^^ ^ ^ -q™ ^ ^k, ^ ^ ^ -q™ ^ ^nd only 

if the sequence (fci, . . . fc,„) -< {hi,... hm)- But if J2t h < j, Y.i < ji {ki,--- fcm) < 
{hi, ...hm) we have Y., Hj + > Y.^ Hj + so that limt^^o A{t)/B{t) = 

oo. For any D > 0, for large t the curve lies in Ad- 

ii) The leading monomial is the maximum in the lexicographic order. Take a polynomial 
/ = o.M + Y^'^ ciiMi with M leading monomial and a > 0. We have, in the quadrant > 0, 
that aM + OiMi > aM — If deg(/) < j, in Ad we further have: 

k k 

aM-Y,\a^\M^ > J^i^D - \a,\)M,. 

i i 

Since a > it is enough to choose D > max \ ai\^. 

Hi) The set where an homogeneous polynomial is positive is a cone. □ 

Proof of Theorem O This now follows from the previous Lemma and the discussion of the 
discriminants that we have performed. □ 

Proof of CorollaryUi We use the notations and results of RemarklHl We divide S'^ in the 
connected components of Ts and apply the standard theory of quadratic Hamiltonians to 
each geometric block A: 

kGA 

where now all the Clk in the block are equal in the case of A black while they are opposite 
in the case of a red edge so that ad{J2k£A ^fckfcP) ^'^^^ ^ scalar matrix on the variables 
Za. 

If iad{QA{w)) is semi-simple with real eigenvalues, it is a standard fact that there 
exists a real linear symplectic change of variables ipA under which 

kGA 

where ififc are the eigenvalues of iad{HA). 
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In particular for all geometric blocks A which do not contain a red edge, this property 
holds for all positive ^ by using Lemma [TT] Formula ([T9|) follows with Q — X^AGrcd Qa, 
here A € red means that A contains red edges, and we have seen that this is a finite set. 
We have proved ii). 

The change of variables ^pA ■— wa — > CAi£,)wA where wa — {z^, z'f.)keA and Ca is a 
matrix which diagonalizes Qa = ^ad(QA)- Since there are only a finite number of distinct 
matrices Qa, we only need a finite number of distinct ipA- 

We have — + ^k{QA), where Xk{QA) runs over the eigenvalues of Q^i, this proves 

i)- 

Each change of variables ipA is locally analytic (real algebraic) in ^ for those ^ where 
the eigenvalues which are not identically equal are distinct. This condition identifies an 
algebraic hypersurface (where the non-identically equal eigenvalues of a combinatorial 
block coincide) which we have to remove. The algebraic hypersurface that we remove is a 
cone, so we can remove a conic neighborhood of this hypersurface arbitrarily determined 
by its intersection with the unit sphere. Since the choice of the neighborhood on the unit 
sphere is arbitrary, we easily see that in the domain A^2 this is equivalent to removing a 
tubular neighborhood of order e^. The bounds iii) follow by homogeneity of the functions. 

To be more explicit, from Theorem [T] we have decomposed our space as infinite direct 
orthogonal sum of symplectic spaces, each decomposed explicitly as direct sum of two 
Lagrangian subspaces in duality each stable under ad{N). 

It is a standard fact that, if for a given symplectic block the matrix is semisimple with 
real eigenvalues then on that block there is a symplectic change of variables which makes it 
diagonal. In fact if the matrix preserves the decomposition into two Lagrangian subspaces, 
as in our case, we can take the change of variables preserving the two subspaces. 

Under the geometric constraint all blocks relative to only black edges give rise to 
symmetric matrices for a positive quadratic form which thus are semisimple with real 
eigenvalues and can be diagonalize. 

Consider next the cases in which, under the arithmetic constraint, we have remaining 
2x2 blocks associated to red edges. For these we can apply Theorem |3l It remains 
to prove that the global symplectic transformation defines as direct sum of all the ones 
diagonalizing each block is indeed continuous and preserves the domain. This follows 
from the fact that, up to a scalar summand, we have only finitely many types of blocks 
in ad{Q). 

□ 

Appendix A. Marked graphs 

This section is independent of the previous parts of the paper. It has the only purpose 
to establish the correct algebraic language. This is a standard material in Group Theory. 

A.l. The Cayley graphs. Let G be a group and X — X^^ C G a subset. 

A. 1.1. Marked graphs. 

Definition 25. An X-marked graph is an oriented graph A such that each oriented edge 
is marked with an element x G A. 

a — ^-^b — b 

We mark the same edge, with opposite orientation, with x~^. 

A morphism of marked graphs j : Ai — > A2 is a map between the vertices, which 
preserves the oriented edges and their markings. 
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A morphism which is also injcctive is cahed an embedding. 
Recall that 

Definition 26. i) A path p of length /, from a vertex a to a vertex 6 in a graph is a 

sequence of vertices p = {a = ao,ai, . . . ,af = b} such that ai-\,ai form an edge 
for alH 1, . . . , /. 

The vortex a is called the source and b the target of the path. 

ii) A circuit is a path from a vertex a to itself. 

We always exclude the presence in a path of trivial steps that is aj_i = aj+i. 

iii) A graph without circuits is called a tree. 

iv) If we have an oriented path p := {oq, ai, . . . , a/} marked a^-i flj, i = 1, . . . , f 
in an X-marked graph, then we set g{p) := g/gf-i . . .gi. 

v) If 5^ = 1 then an edge marked g has both orientations so we consider it as 
unoriented. 

A. 1.2. Cayley graphs. A typical way to construct an X-marked graph is the following. 
Consider an action G x A A oi G on a. set A, wc then define. 

Definition 27 (Cayley graph). The graph Ax has as vertices the elements of A and, 
given a,b G A we join them by an oriented edge a-^ b, marked x, if 6 = xa, x £ X. 

If G acts on two sets Ai and A2 and w : Ai A2 is a map compatible with the G 
action then tt is also a morphism of marked graphs. 

A special case is obtained when G acts on itself by left (resp. right) multiplication and 
we have the Cayley graph Gx (resp. Gx)- We concentrate on Gx which we just denote 
by Gx- One then immediately sees that 

Lemma 13. IfG acts on a set A and a G A the orbit map g^ ga is compatible with the 

graph structure. 

The graph Gx is preserved by right multiplication by elements of G, that is if a, b are 
joined by an edge marked g then also ah, bh are so joined, for all h £ G. 

The graphs Gj^, Gx isomorphic with opposite orientations under the map g 1— > g~^ . 

The graph Gx is connected if and only if X generates G, otherwise its connected com- 
ponents are the right cosets in G of the subgroup H generated by X. 

Definition 28. Given an X-marked graph A. We say that A is compatible with Gx if 
it can be embedded j : ^ — > Gx in Gx • 

Note: two embcddings of A in Gx differ by a right multiplication by an clement of G. 

Let us understand the conditions under which a connected graph A is compatible. Take 
two vertices h,k in A and join them by a path p := k = ka, ki, . . . , kt = h. Assume that 
fci_i, ki, i = 1, . . . ,t is marked by the clement G X . Then define g{p) := gtgt-i ■ ■ ■ gi- 
We can fix an element r Cz A which we call the root and lift it for instance to 1. Given any 
other clement h € A choose a path p from r to h and set gh '.= g{p). In order for this to 
be well defined we need that if h is joined by two distinct paths P\,P2 then g{p\) = g{p2)- 
In other words 



Lemma 14. A is compatible if and only if given any circuit p from r to r we have 
g{p) = Id. 
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If this condition is fulfilled we have the special lift j : ga under which r i— > 1. 
In particular suppose that G acts on a set A and ^ C A is a connected subgraph of 
Ax with / vertices. Then 

Corollary 7. A sufficient condition for A to be embedded in Gx is that, for any a A, 
if an element g G G is a product g = X1X2 ■ ■ ■ Xd of d < f elements we have that ga = a 
implies g — 1. 

Appendix B. Proof of Lemma [8] 

Proof. Consider a graph with r+1 vertices and of rank r > 2. We distinguish the elements 
tti, i = 1, . . . , u corresponding to black vertices from the bj, j = 1, . . . , w of red vertices, 
we are assuming that both colors appear. We have 0^(1) = 0, bj{l) = —2. 
We have the equations 

{x,7:{a,))^K{a,), \x\^ + {x,Tr{b,)) ^ K{bj) 

If the solution x is polynomial in the fi, it is linear by a simple degree computation. 
Since it is also equi variant under the orthogonal group, it follows that it has the form 
X = CsVs for some numbers Cg. Let now a = — CgCg so x — — 7r(a). The fact that 
the given system of equations is satisfied for all Vi (this since they are now polynomials) 
is equivalent to the equations. 

(80) - aoi = C{a,), - abj = C{bj). 

By changing root if necessary we may always assume that there are black vertices different 

from the root. For such a vertex 7^ we have an equation —2aai — af + a^'' which 
(2) 

implies that a.; divides . 

If flj = J2jPj^j have that a|^'' = J^jPj^'j irreducible polynomial unless = 

p(e/j — efc) (recall that '^jPj = 0). Then —2a — = {ch + e^) which implies —2a = 
(1 + p)eh + (1 — p)ek, namely a = ach + (—a — l)efc, for some a. 

Now we exploit the fact that a satisfies also all the other equations. If it satisfies 
another black equation-say with a vertex Oj- by linear independence of the vertices we 
must have a = or a = —1 and a — —eh for some h. Hence the only case to exclude is 1 
black and one or more red equations. For a red equation we have: 

2a2 - 2abj = -6^ - bf^ ^ a^ + {a - bjf = -bf\ 

By comparing the coefficients of the quadratic terms we see that bj = qiei cannot have 
any positive coefficient g;, since ri[bj) = —2. Hence we must have bj — -Ch — Ck for the 
same h, k appearing in a. Now substitute in the equation 

{ach + {-ct - l)efc)^ + {{a + l)eh - aetf ^ e\ + e\ 

get + (a + 1)^ = 1 with solutions a = 0, — 1 hence x = Vh,Vk as desired. □ 

Appendix C. Determinantal varieties 

In this section we think of a marking £ = X]t=i '^i'^i coming from the edges (for q = 1 
we have ztvi±Vj) as a map from V®™ to V. Here F is a vector space where the Vi belong. 
Thus a list of k markings is thought of as a map p : V®"^ = ^ (g)C™ V®'' = V(S)C''. Such 
a map is given by a fc x m matrix A and p = lv<E)Aso that Im{p) — V ® Im{A), ker(p) — 
l/(g)ker(^). 

When dim(V^) — n we shall be interested in particular in n-tuples of markings. In this 
case we have 
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Lemma 15. An n-tuples of markings rrn :— ^ ■ formally linearly independent 

- that is the n x m matrix of the has rank n- if and only if the associated map 

p ■ Y®rn yen gnj.jQ(-fiyg_ 

We may identify T/®" with n x n matrices and we have the determinantal variety D„ 
of y®", defined by the vanishing of the determinant det (an irreducible polynomial), and 
formed by all the n-tuples of vectors Vi, . . . ,Vn which are linearly dependent. The variety 
Dn defines a similar irreducible determinantal variety Dp := p~^{Dn) in V®™ which 
depends on the map p. This is a proper hypersurface if and only if p is surjective. We 
have already remarked that, in this case. Dp is an irreducible hypersurface with equation 
the irreducible polynomial det op. We need to see when different lists of markings give 
rise to different determinantal varieties in 

Lemma 16. Given a surjective map p : V®"^ — ^ ^/ffi"^ q vector a G V"®™ is such that 
a + b Cz Dp, Vfe G Dp if and only if p{a) = 0. 

Proof. Clearly if p{a) — then a satisfies the condition. Conversely if p{a) ^ 0, we think 
of p{a) as a non zero matrix A and it is easily seen that there is a matrix B = G Z3„ 
such that A + B = p(a + 6) ^ Ai- □ 

Let p\,p2 ■ V®™- — >• y®" be two surjective maps, given by two nx m matrices A = 
(aj,j), B = {bij); aij,bij G C . 

Proposition 16. p^^(Dn) = P2^{Dn) if and only if the two matrices A, B have the same 
kernel. 

Proof. The two matrices A,B have the same kernel if and only if pi,p2 have the same 
kernel. By Lemma [TBI if /3j'^(Z?„) = p2^{Dn) then the two matrices A,B have the same 
kernel. Conversely if the two matrices A, B have the same kernel we can write B — CA 
with C invertible. Clearly CZ?„ = Z3„ and the claim follows. □ 

We shall also need the following well known fact: 

Lemma 17. Consider the determinantal variety D, given by d{X) = 0, ofnxn complex 
matrices of determinant zero. The real points of D are Zariski dense in D 

Proof. Consider in D the set of matrices of rank exactly n—1. This set is dense in D and 
obtained from a fixed matrix (for instance the diagonal matrix with all 1 except one 
0) by multiplying AIn-iB with A,B invertible matrices. If a polynomial / vanishes on 
the real points of D then F{A, B) := f{AIn_iB) vanishes for all A, B invertible matrices 
and real. This set is the set of points in M^"^ where a polynomial (the product of the 
two determinants) is non zero. But a polynomial which vanishes in all the points of any 
space where another polynomial is non zero is necessarily the zero polynomial. So / 
vanishes also on complex points. This is the meaning of Zariski dense. □ 
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